Dynamic variable selection in
high-dimensional predictive regressions”

Mauro Bernardif Daniele Bianchit Nicolas Bianco!
First draft: January 2022. This draft: May 23, 2023
Abstract

We develop methodology and theory for a general Bayesian approach towards dynamic variable
selection in high-dimensional regression models with time-varying parameters. Specifically, we
propose a variational inference scheme which features dynamic sparsity-inducing properties so that
different subsets of “active” predictors can be identified over different time periods. We compare
our modeling framework against established static and dynamic variable selection methods both
in simulation and within the context of two common problems in macroeconomics and finance:
inflation forecasting and equity returns predictability. The results show that our approach helps
to tease out more accurately the dynamic impact of different predictors over time. This translates
into significant gains in terms of out-of-sample point and density forecasting accuracy. We believe
our results highlight the importance of taking a dynamic approach towards variable selection for
economic modeling and forecasting.
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1 Introduction

Predicting the dynamics of economic variables is a key input for policy and investment de-
cision making processes. For example, forecasts of inflation influence both policy makers
in their monetary and fiscal policy decisions as well as investors seeking to hedge against
inflation risk. Similarly, forecasting asset returns is crucial for optimal portfolio allocation
and represents one of the fundamental goals of empirical asset pricing. However, economic
forecasting is notoriously difficult since the expected variation of economic outcomes is often
buried under the noise of realised economic activity. To address this issue, market partici-
pants and researchers, alike, often leverage on large data sets and rely on high-dimensional

forecasting models, of which regression analysis is often a core building block.

As the nature of the variables carrying significant explanatory power is arguably uncertain
a priori, decision makers often consider the entire set of available predictors — mitigating the
risk of omitting important information — and select a posterior: those which correlates the
most with the targeted economic outcome. For this reason, variable selection techniques have
become increasingly popular tools for economic forecasting, especially within the context
of linear regression models (see, e.g., Giannone et al., 2021). However, and perhaps not
surprisingly, the same variable selection method could argue in favour of different predictors
for the same target outcome over different time periods. Such discrepancy stem from the fact
that predictability likely changes over time, either at the intensive margin — a variable carry
significant forecasting power for longer —, or at the extensive margin — more predictors carry
significant explanatory power at a given point in time. In other words, the model dimension

on which decision makers can act upon is potentially varying over time.!

In this paper, we address this issue and develop methodology and theory for a novel
Bayesian dynamic variable selection method for high-dimensional predictive regressions with
time-varying parameters. Specifically, we propose a dynamic Bernoulli-Gaussian (BG hence-
forth) regression specification whereby variable selection takes the form of a smooth latent
stochastic process which interacts with a conventional dynamic linear model (see, e.g., West
and Harrison, 2006). Posterior estimates are obtained via a novel semi-parametric variational
Bayes inference approach, expanding on Rohde and Wand (2016) and Ormerod et al. (2017).
We provide evidence that this approach represents a more efficient alternative to a Markov

Chain Monte Carlo (MCMC) method with comparable posterior concentration properties.

IThis is often referred in the literature as a distinction between “horizontal sparsity” and “vertical”
sparsity (see, e.g., Uribe and Lopes, 2020; Rockovd and McAlinn, 2021).



Our approach towards variable selection has three key features: first, the posterior esti-
mates require only a minimal set of assumptions on hyper-parameters and initial conditions
(see Section 2.2). This is particularly relevant within the context of high-dimensional regres-
sion models with time-varying parameters where tailoring individual hyper-parameters can
be prohibitive. Second, our approach allows for dynamic selection of “active” predictors.
That is a point mass posterior inclusion probability is placed at zero when a predictor does
not carry significant explanatory power at a given time period. Third, we can sequentially
reduce the model dimension by discarding those predictors which does not carry information
over the entire sample, while exploring the trajectory of sparsity of the remaining time-
varying regression coefficients. This improves the computational cost and the estimation

efficiency, and thus the accuracy of the posterior estimates.?

We investigate the accuracy of both dynamic variable selection and posterior point es-
timates based on an extensive simulation setting in which different regression parameters
display different patterns over time. As benchmarks, we first consider a variety of estab-
lished static variable selection methods, such as the two-component mixture priors of George
and McCulloch (1993); Rockova and George (2014) and Giannone et al. (2021), the normal-
gamma prior of Griffin and Brown (2010) and the horseshoe prior of Carvalho et al. (2010).
For these static prior formulations, a simple dynamic is imposed via a rolling window, a
widely used non-parametric approach to approximate parameters time variation (see, e.g.,
Inoue et al., 2017).* In addition, we compare our dynamic BG method against two recent
developments in dynamic variable selection in time-varying regression models, such as the dy-
namic spike-and-slab prior of Koop and Korobilis (2020) and Rockové and McAlinn (2021).
Overall, the simulation results suggest that our dynamic BG model outperforms these com-
peting approaches both with respect to the identification of the significant predictors over

time, as well as the accuracy of the posterior point estimates.

Intuitively, the ability to identify more accurately which predictors matter over time
should be of first-order importance for forecasting and decision making. To this aim, we
compare our model vis-a-vis a comprehensive set of alternative regression-based forecast-
ing strategies within the context of two common problems in macroeconomics and finance:

inflation forecasting based on a large set of macroeconomic variables (see, e.g., Stock and

2This is akin to variance inflation when keeping irrelevant predictors in least squares estimates. Fava and
Lopes (2021) showed both in simulation and empirically the effect of irrelevant predictors in the context of
discrete mixture priors for variables selection.

3Sparsity in the posterior estimates of the global-local shrinkage priors is imposed via the signal adaptive
variable selector (SAVS henceforth) of Ray and Bhattacharya (2018).



Watson, 2006; Faust and Wright, 2013) and the predictability of the equity premium (see,
e.g., Welch and Goyal, 2008; Rapach et al., 2010; Dong et al., 2022).

As far as inflation forecasting is concerned, we consider more than 220 quarterly macroe-
conomic predictors from the FRED-QD database of McCracken and Ng (2020). The target
variables consist of four measures of inflation — namely total CPI, core CPI, GDP deflator,
and PCE deflator —, for four different forecasting horizons — from one to eight quarters ahead.
Perhaps not surprisingly, the empirical results confirm the widespread conventional wisdom
that parsimonious models, such as the unobserved component model of Stock and Wat-
son (2007), represent rather challenging benchmarks. Nevertheless, our dynamic BG model
outperforms all static and dynamic variable selection methods which make use of macroe-
conomic predictors, both in a mean-squared error sense and in density forecasts, and across

different horizons.

Interestingly, a retrospective analysis of dynamic posterior inclusion probabilities show
that (1) only a handful of predictors carry a meaningful explanatory power, and (2) our
model provides an alternative view to some of the main theory-based inflation predictors.
For instance, real consumption expenditure, which proxies demand pressure on inflation,
carries predictive power on the one-quarter ahead core CPI only for a short-period during
2021, a period characterised by large fiscal stimulus. Similarly, short-term unemployment
carries a significant signal to predict one-quarter ahead change in the GDP deflator from
the great financial crisis towards the end of the sample for the GDP deflator. The latter
could be interpreted as evidence in favour of a time-varying Phillips curve, whereby the
inverse relationship between unemployment and inflation is supported by the data but only

in specific periods.

For the application on financial forecasting, we build upon Jensen et al. (2022) and assess
the predictive content of more than 150 characteristic-managed portfolios for the one-month
ahead returns on the aggregate stock market portfolio, expanding on the original framework
of Dong et al. (2022). Consistent with the latter, both the prediction from the recursively cal-
culated sample mean and equal-weight forecasts from individual predictors represent rather
challenging benchmarks. Nevertheless, the empirical results show that our dynamic sparse
regression framework outperforms both static and dynamic variable selection methods. Fi-
nally, a retrospective analysis of dynamic posterior inclusion probabilities suggests that ex-
pected returns correlates with only few risk factors related to trading frictions and liquidity,
such as max1 21d (see Bali et al., 2011) and turnover_126d (see Datar et al., 1998).



This paper connects to two main streams of literature. The first relates to the use of
Bayesian methods for variable selection in high-dimensional regression models. Conventional
approaches towards selecting predictors are mostly confined in the realm of static regression
models (see, e.g., Rockova and George, 2018; Giannone et al., 2021; Fava and Lopes, 2021;
Ray and Szabd, 2022 and the references therein). This is despite there is ample evidence in
the economic literature on the importance of considering time-varying effects of predictors on
both macroeconomic and financial forecasting (see, e.g. Primiceri, 2005; West and Harrison,
2006; Dangl and Halling, 2012; Pettenuzzo et al., 2014; Farmer et al., 2022, among others).

A notable early exception to such static approach is Nakajima and West (2013), which
introduce a dynamic regression framework whereby time-varying coefficients are excluded
based on a latent threshold parameter. Similarly, Kalli and Griffin (2014) proposed a normal-
gamma, autoregressive process to dynamically shrink towards zero unimportant coefficients.
The latter approach falls into the class of dynamic shrinkage processes studied in Kowal
et al. (2019). Other methods aim to perform model selection rather than shrinkage. For
example, Koop and Korobilis (2020) expand on Koop and Korobilis (2012) by leveraging the
flexibility of variational Bayes inference and consider a dynamic spike-and-slab prior spec-
ification for variable selection in time-varying regression models, while assuming stochastic
and independent inclusion probabilities. Similarly, Uribe and Lopes (2020) and Rockova
and McAlinn (2021) proposed a dynamic variable selection method that leverages on the
class of mixture priors originally proposed by Mitchell and Beauchamp (1988); George and
McCulloch (1997).

A second strand of literature we contribute to is related to regression-based economic
forecasting. In particular, inflation forecasting represents a widely used setting to test the
accuracy of large-scale predictive regression models within the context of policy making
(see, e.g., Stock and Watson, 2007, 2010; Chan et al., 2012; Koop and Korobilis, 2012;
Korobilis, 2013; Kalli and Griffin, 2014; Bitto and Frithwirth-Schnatter, 2019; Rockova and
McAlinn, 2021, among others). The time series variation of expected inflation is particularly
problematic to measure, since conventional predictors often do not seem to capture significant
co-movements and cross-signals between economic activity and prices which might improve
out-of-sample predictability. Similarly, forecasting the dynamics of stock returns represents
a particularly challenging task for predictive regressions due to the small signal-to-noise ratio

in financial returns (see, e.g., Welch and Goyal, 2008).



2 Model specification and inference

We present our approach as a dynamic linear predictive model that link a scalar response y;

at time t to a set of p known predictors x;_; = (z1;_1,...,Zp_1) through the relation
p
yt:Z/gjt'Ijt—l—{_gta E¢ ~ N(O,eht), t= 1,...,7’L, (1)
j=1
where 8, = (6, - - -, ,Bpt)' is a time-varying vector of regression coefficients and h; = log o7 is

the log of the unknown observational variance of the residual g, at time ¢ (see, e.g., West and
Harrison, 2006). Notably, variable selection is particular relevant for time-varying parameter
regressions. This is because as the model propagates forward, the inclusion of irrelevant
predictors generate a proliferation of the state space and potentially accumulates noise, with
detrimental consequences for the out-of-sample predictive performance. Therefore, seeking
sparsity in the set of predictors is a natural remedy against the loss of statistical efficiency

and forecast ability.

In this paper, we adopt the point of view that predictors can dynamically enter or leave
the regression model as time progresses. Specifically, the set of “active” predictors — meaning

the variables that carry significant predictive power — can change over time according to
Bjt = bt where bjt = bji—1 + vj vy ~ N (07 77]2) ; (2)

with bjg ~ N (O, kovﬁ-) the initial state, and v;, € {0,1} an indicator variable which identifies
if the jth predictor is included or not in the model specification. This process is reminiscent of
a dynamic Bernoulli-Gaussian (BG) regression model (see, e.g., Soussen et al., 2011; Ormerod
et al., 2017). By leveraging the first-order Markov property, the joint distribution of b; =
(bjos---,bjn) for j = 1,...,p can be re-written as p(b;) = p(bjo)p(bj1]bjo) - - - P(bjn|bjn_1)-
This admits a Gaussian Markov random field (GMRF) representation b; ~ Ny,.1(0,7;Q ")
with Q a tridiagonal precision matrix with diagonal elements ¢, 1 = 1 + 1/ko, gni1.n+1 = 1,
and ¢; = 2 for [ = 2,...,n. The off-diagonal elements are ¢;,,, = —1if |l —m| =1 and 0
elsewhere (see Rue and Held, 2005). The same representation applies for the log-volatility
process h = (hy, ..., h,)" with initial state hg ~ N (0, kor?), such that h; = hy_; + e, with
er ~ N (0,%) admits h ~ N,,,1(0,2Q™").

Equation (2) assumes that the time-varying process {bjt}thl, give rise to the regression

coefficients {Bjt}thl only by interacting with the latent indicator {fyjt}thl. This formulation



implies that the posterior inclusion probability P(y;; = 1) is a persistent latent stochastic
process. This differs from Koop and Korobilis, 2020; Uribe and Lopes, 2020; Roc¢kova and
McAlinn, 2021 in which variable selection is embedded into a prior spike-and-slab structure.*
The indicator variable 7;; given the auxiliary parameters wj; is assumed to be 7;|w;; ~

Bern(expit(w;;)) for j = 1,...,p, where expit(-) is the inverse of the logit function. As a

result, the persistence of the inclusion probability P(~y;, = 1) is driven by w; = (wjo, . . . ,wjn)',
which admits a GMRF representation of the form w; ~ N,;1(0,£Q™"). The marginal
distribution for the vector v; = (7;1,...,7;n)" is retrieved by integrating out w; as,

P(Yjts -+ Yin) = /P(wj)Hp(%t\%t) dw;, (3)

t=1

so that 7;1,...,7;n represent autocorrelated latent states for each j =1,...,p.

2.1 Variational Bayes inference

A variational Bayes (VB) approach to inference requires to minimize the Kullback-Leibler
(Kullback and Leibler, 1951) divergence measure (KL) between an approximating density
q(9¥) and the true posterior density p(9?|y), (see, e.g. Blei et al., 2017). The KL divergence
cannot be directly minimized with respect to ¥ because it involves the expectation with
respect to the unknown true posterior distribution. Ormerod and Wand (2010) show that the
problem of minimizing KL can be equivalently stated as the maximization of the variational
lower bound (ELBO) denoted by p (y;¢):

. p(y,ﬁ)}
Y¥) = arg max lo :q), 1q) = ) log ¢ ———= » d, 4
7(0) = arg o Togp (i), p(via) = [ a(0)iog {225 (@)
where ¢*(9¥) € Q represents the optimal variational density and Q is a space of functions.
The choice of the family of distributions Q is critical and leads to different algorithmic
approaches. We consider a mean-field variational Bayes (MFVB) approach which is based
on a non-parametric restriction for the variational density, i.e. ¢(9) = [, ¢:(9;) for a

partition {4,...,9,} of the parameter vector 9. Therefore, a closed form expression for

4For instance, in existing dynamic spike-and-slab formulations of the evolution of ;¢ is assumed to be a
priori independent over time (see Koop and Korobilis, 2020) or having a deterministic evolution of P(vy;; = 1),
given the information up to t — 1 (as in Rockovd and McAlinn, 2021).



the optimal variational density of each component g(19;) is defined as:
q"(9;) o< exp {Eqw\aj> [logp(y, 19)} } ;g9\ Yy) H a:(9;) (5)
Z#J

where the expectation is taken with respect to the joint approximating density with the j-th
element of the partition removed ¢(9 \ ¥;). This allows to implement a coordinate ascent
variational inference (CAVI) algorithm to estimate the optimal density ¢*(¢). Equation (5)
shows that the factorization ¢(9) plays a key role. Let ¥ = (h',b’,~y/,w’,v?, n%*, £€”) the
joint distribution of the model parameters and latent states. The key ingredient for the

mean-field factorization is the joint distribution p(y,), which can be factorized as follows,

p(y,®) = p(y[9)p(h)p(*) [ [ (s 1n})p(w;|)p(m})p(€3) [ [ p(vitlwss) - (6)
. - (v, )

Notice that the full conditional distribution of w; is not of a know form. Following Polson

et al. (2013), we exploit a Polya-Gamma representation,

+o00
p(vjelwje) = / (el 2jts Wit )p(2je|wje ) dzji, (7)
0

where p(z;;) is the probability density function of a Polya-Gamma PG(1, 0) random variable.
This allows for a computationally tractable approximation of Eq.(6). Therefore, we propose

a mean-field factorization of the form,
¢(9) = q(h)g(*) [ ] a(b))g(w; &) [T a(ualz), (8)
t=1

where a joint distribution for h, b;, and w; is required in order to preserve the time depen-
dence and to provide a global approximation for the vector of latent states. We now discuss

in turn each of the components in ¢(13).

Optimal variational densities. We now discuss in details the main optimal variational
densities for the estimation of the time-varying regression parameters ¢*(b;), the variable
selection indicators ¢*(v;¢), and the stochastic log-volatility process ¢*(h). For the interested

reader, the full set of analytical derivations and proofs is available in Appendix B.



Proposition 2.1. The optimal variational density for the time-varying regression parameters

b; = (bjo,bj1, - .-, bjn) is a multivariate Gaussian ¢*(b;) = N1 (Kgn,) Zab;)), where:

ym,) = (Dj2 + “q(l/n?)Q)_l’ Fqb;) = E(I(bj)Dj“q(E—j)’ (9)

where D; and D? are diagonal matrices with elements equal to [D;] = Ha(1/o2)Ha(v;e)Tit—1 and

D;]? = uq(l/gg)uq(vjt)xft_l, respectively. Moreover, p,._y is the vector of partial residuals

with elements () = Yo = Djo1 oty Trt—1 Mgl Halbr) -

Proof. See proof B.1 in Appendix B. O]

Proposition 2.1 shows that both the posterior mean and variance of a given vector of
regression parameters for the variable j, depends on the posterior estimates jig(,,,) of the
entire trajectory of v;;,t = 1,...,n from the optimal variational density ¢*(7;:). The latter

is defined in Proposition 2.2.

Proposition 2.2. The optimal variational density for the parameters ;; is a Bernoulli ran-

dom variable q*(v;:) = Bern(expit(wy(y,,))), where expit(-) is the inverse of the logit function

and Wa(vje) = Ha(wje) — %Mq(l/af)(x?t—lEq [b?t] - 2ﬂq(bjt)$jt71/iq(efjt))-
Proof. See proof B.2 in Appendix B. m

The parameter fi,1/,2) = Ey[1/07] and is defined as in Remark B.1 in Appendix B. In
addition, (., represents the mean of the optimal variational density for the auxiliary

parameter w;. The latter is defined in Proposition 2.3.

Proposition 2.3. The optimal variational density for the parameter w; is a multivariate

Gaussian ¢*(w;) = Npi1 (K, Bq(w;)), where:
2wy = (Diag(0, yi) + Haey Q™ M) = aen (0 i), (10)

with [,l/q(,%,) = [,Lq(,yj) — 1/2Ln.
Proof. See proof B.3 in Appendix B. m

The means py. ), 101 /€2) of the optimal variational densities for the auxiliary variable
q*(zj1) = PG(1, “q(wft)) and the state variance ¢* (£?) are defined in Appendix B in Propo-
sition B.7 and B.9, respectively. Recall from Eq.(2) that §8;; = bj7y;;. The corresponding

optimal variational density is provided in Proposition 2.4.



Proposition 2.4. Let ¢*(b;) and q*(vj:) be the optimal variational densities presented in
Propositions 2.1 and 2.2. Define B; = I';b;, where the matriz T'; = diag(1,vj1,...,7jn). The

optimal variational density of B; is given by a mizture of multivariate Gaussian distributions:

q*(ﬁj) - Z W Nn+1 (Dsl"l’q(bj)7 Di/QEq(bj)Dim% (11)

seS

where S is a sequence of {0,1} of length n with cardinality |S| = 2", the diagonal matriz

D, = diag(1, s1, ..., sn), and mizing weights:

Ws = H M;E'yﬁ)<1 - IUCI(’th))l_Sta (12)
t=1
where s = (S1,..., 84, ...,5,) €S is an element in S. Moreover, the mean and variance can
be computed analytically:
Fq(3;) = Haq(r;)Hq(b); (13)
Za(e) = (Hat) Hat) T W) © Batog) + Wiy ) © By Bob,): (14)

where W, is a diagonal matriz with elements (1, { ka0 (1 = Hary) o) -
J

Proof. See proof B.4 in Appendix B. O

For the stochastic volatility process, we adopt a parametric approach to find the optimal
variational density ¢*(h). Specifically, we leverage on a GMRF representation of the vector
h ~ N,,1(0,22Q™") and exploit the results in Rohde and Wand (2016). They provide an
iterative updating scheme for the variational parameters when the approximating density is

a multivariate Gaussian. Proposition 2.5 provides the optimal updating scheme.

Proposition 2.5. Let €2 = € ® € with components [€*]; = (y; — B;x;)%. Assuming a GMRF
approzimation q*(h) = Npi1(fyn), Q;(}L)), with mean vector pyyy and variance-covariance

matriz 3qmn) = QQ_(}L), an iterative optimization algorithm can be set as:

—1
new __ 2 ld old
By = [qu<h),uq<h)5 (Kg(hy: Eqw))] (15)

1 = Mo+ 2V g S (1o 2o (16)



where

o o L, 1 _pold y g20ld /g o
Vs S Wiy Sii) = =5+ SEq(€%) © a0 7000 — iy Quigfyy, (17)
and
VL Sk T ) — 2 Diag(E, (€?) @ ¢ Hilh *oi/? 18
bacny by (Mg Sy = -3 iag(E,(e%) @ e M ™) — 10 /,2)Q, (18)

denote the first and second deriwvative of S(uq(h), o)) with respect to Hqny and evaluated

at (p,gl(i), Eg%), and a'g(h) = diag(3qm))-

Proof. See proof B.5 in Appendix B. O

Proposition B.6 in Appendix B also reports the optimal variational density for the ho-
moskedastic case in which the prior for the variance of the residuals in Eq.(1) is an inverse-
gamma 02 ~ IG(4,, B,). In addition, Propositions B.8, B.9, and B.10 in Appendix B report
the optimal variational densities ¢*(17), ¢*(&3), and ¢*(v*), respectively. As far as the prior
distributions are concerned, we place inverse-gamma priors for the variances parameters
v? ~ IG(A,, By), 1} ~ IG(A,, B,), and & ~ IG(A¢, Be), which represents a common choice

in Bayesian analysis. We discuss the choice of prior hyper-parameters in Section 2.2.

Smoothing the sparsity dynamics. Proposition 2.2 shows that the variational den-
sity of q(v;) = TI,_; a(7;) is such that 75 ~ Bern(expit(wg(,,))). This implies that the
whole time trajectory of posterior inclusion probabilities can be obtained as the mean vector
Eq(7;) = expit(wgy,)). Although computationally convenient, this is an entirely data-driven
approach which could produce erratic posterior inclusion probabilities, especially with noisy
observations. The right panel of Figure 1(a) shows this case in point. The posterior inclusion
probability P(vy;; = 1) could point towards a given predictor for a very short period of time.
This could be quite inconvenient in practice since 8j; = b;;v;¢, such that the dynamics of 3;;

inherits the erratic behavior of the posterior inclusion probability as shown in Figure 1(a)).

To address this issue, we propose an alternative parametric approximation of the varia-
tional density of g(v;) which regularise the estimates of the time trajectory of P(v;; = 1)
for t = 1,...,n. In particular, we approximate the sequence of densities {q(v;:)};~; with
the closest approximation {g(~;:)}7-; in terms of KL divergence; that is, {q(v;:)}7-; leads to
a smooth sequence of posterior inclusion probabilities, whose expected values coincide with

the non-smooth estimates. Proposition 2.6 explains the procedure in details.

10
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Figure 1: Smoothing the time-varying parameters Hg(s;) and the posterior probability of inclusion
P(yje =1) fort=1,...,n.

Proposition 2.6. A smooth estimate for the trajectory of the inclusion probabilities can
be achieved assuming q(v;) = 1, @(v;e) such that q(v;) = Bern(expit(wif;)) with con-
straints on the mean. Therefore, the expectation of the joint vector v; = (Yj1, ..., V)" 8
equal to Eq('yj) = WI;, where W is a n x k B-spline basis matriz. The optimal value
of f; is the solution of the optimization problem ?J = argmaxg cps Y(f;) where ¥(f;) =
Sy (W) — Wiy )expit(wif;) + log(1 + exp(wif)))], such that the gradient is equal to
V() = o) Wilwatoy) — Wi frmreds-

Proof. See proof B.11 in Appendix B. ]

The right panel of Figure 1(b) shows the smoothed estimates of the original probability
of inclusion (left panel) based on Proposition 2.6. As a by-product of a smoother posterior

inclusion probability, the dynamics of the corresponding regression coefficient is also regu-

11



larised, as shown in the left panel of Figure 1(b). Notice that the matrix W in Proposition
2.6 does not have to be an n x k B-spline basis matrix; our formulation is general and allows
for alternative forms of smoothing, such as Daubechies wavelet basis functions (see, e.g.,

Bianchi et al., 2022a). Appendix B.1 discusses different smoothing assumptions in detail.

2.2 Theoretical properties of the estimation algorithm

We now present some key theoretical results and numerical properties of our variational
Bayes estimation algorithm. In particular, we focus on the behavior of variational densities’
updates from one iteration to the next of the optimization process. The iterative optimization
to perform approximate posterior inference is sketched in Algorithm 1. The theoretical
properties of the optimal density updates between two consecutive iterations are cumbersome
to analyze when the system of equations from Proposition 2.1 to 2.5 hold simultaneously.
Instead, we will analyze the limiting properties of Algorithm 1 as the inclusion probabilities
tend to zero, i.e., sparsity inducing. Proposition 2.7 extends the main result of Ormerod

et al. (2017) to the dynamic variable selection with time-varying regression coefficients.

Algorithm 1: Variational Bayes for dynamic sparse regression models.
Initialize: ¢(9¥), Ay, A,, B, A,, By, A¢, Be
while (Ay > Ay) do
for j=1,...,pdo
Update ¢(b;) as in 2.1; and ¢(n;) as in B.8;
Update g(w;) as in 2.3 and ¢(¢;) as in B.9;
fort=1,...,ndo
Update ¢(z;;) as in B.7;
Update g(vj¢) as in 2.2 (non-smooth) or 2.6 (smooth);
end

end

Update q(h) as in 2.5 (heteroskedastic) or ¢(c?) as in B.6 (homoskedastic);
Update q(v?) as in B.10;

Compute ﬁg = q(fﬁ)(iter) _ q<0)(iter—1) :

end

Proposition 2.7. Assume that the maximum over time of the inclusion probabilities, for a

(4)

gwen variable j, at the i-th iteration of the algorithm is such that maxie(i, . n) Ho(y,) = €
and € < 1 is small enough. Moreover, let Eéi()wj) — E((;(;j)) > 0, then:

i+1 . i+1 i+1 —1(z+1 _
1. Hg(yjt)) = expit {Mé(wﬁ)) - %/Jt(z(l/gg)x?t—l:uq(1(/17]2))Qtt + 0(6)}, g = [Q i > 0;
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2 uf(;(zlt) _1/2 Zk 1 Stk T O( )7 Stk = [Eq(wj)]tk > 0;

3. Mél(zjl,t)) < ,u((;(wjt) decreases after each iteration.

Proof. See proof C.1 in Appendix C.5 O

Proposition 2.7 and Lemma 1° in Ormerod et al. (2017) leads to two key numerical results:

first, for € = 0, the following approximation for the update of the inclusion probabilities holds:
. . -1
7 . 1+ Z+1 1+1
“t(z()wt) ~ expit {“t(z(w - 1/2“;(1/02) T ['“((1(1/7%.)] Qtt} : (19)

This implies that for M@ = arg maxe(1,..n} uéi()wjt) < 0, after ¢ iterations, the sequence
{,uq(7 t)}t:1 is indistinguishable from zero. As a result, our algorithm concentrates the pos-

terior densities to a point mass at zero for all £. Second, if “fzi)vjt) ~ 0, Vt, then all successive

(ix)

updates i > ¢ imply 'U“q(’)’jt)

~ () since pgi’fjjt) < /‘z(;(th) and therefore the updates M) < M@,

Ha(y) Ha(ws)
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Figure 2: Left panel shows variational update over iterations (x-axis) until convergence of the
vector of posterior inclusion probabilities (tg(y;,)s- - -5 Hq(y;,)) (y-axis), for a parameter j which is
always zero Vt. The dashed line identifies the iteration at which the conditions of Proposition 2.7
are satisfied for € = 0.01. The right panel depicts the decreasing behaviour of ji4(,,), V¢.

®For the ease of exposition, we leave the interested reader to Appendix C for some of the definitions and
lemmas which are instrumental for the proof.

SLet a € RT, then, as a — +00, the following expansions hold: expit(—a) = exp(—a) + O(exp(—2a)) and
expit(a) = 1 — exp(—a) + O(exp(—2a)).
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Figure 2 provides a visual representation of Proposition 2.7 for a simple simulation set up

in which a given predictor is never included in the model (see Section 3.1). The dashed line

identifies the iteration at which the conditions in Proposition 2.7 are satisfied for e = 0.01.

After few iterations i) remains zero Vt. As a result, the corresponding j-th predictor

can be deleted from the regression specification. This result provides a dimension reduction

strategy which is summarised in Algorithm 2. Specifically, we can remove the j-th variable

from the set of predictors during the estimation. Such automatic exclusion strategy improves

the computational efficiency when p increases, but the signal p < p remains constant, where

p = card(J) and the set J = {j : > _;_, v;+ > 0} collects the indexes of regression coefficients

that are included in the model at least for one t.

Algorithm 2: Efficient variational Bayes for dynamic sparse regression models.

Initialize: q(’l9), Ag, Ay, Bl,, A’]’ BT]’ Af, Bg
while (Ay > Ay) do
for j=1,...,pdo
Update ¢(b;) as in 2.1; and ¢(n;) as in B.8;
Update ¢(w;) as in 2.3 and ¢(¢;) as in B.9;
fort=1,...,ndo

Update ¢(z;;) as in B.7;

end
end

Update q(v?) as in B.10;
if assumptions in 2.7 hold then
for j=1,...,pdo
if max;{s,(,,)} < € then
| Drop the j-th variable
end
end
end
Compute ﬁg = q(rﬁ)(iter) _ q(qg)(iterﬂ) :
end

Update ¢(;¢) as in 2.2 (non-smooth) or 2.6 (smooth);

Update ¢(o) as in B.1 (heteroskedastic) or B.6 (homoskedastic);

Hyper-parameters and algorithm initialization.

In this section we focus on the key

hyper-parameters and initialization choices. As far as the inclusion probabilities are con-

cerned, we follow Koop and Korobilis (2020) and set pu

(0)
a(vjt

y = 1/2, Vt,j. Next, we follow

Ormerod et al. (2017) and set A, = B, = A, = B, = 0.01 to maintain non-informativeness.
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Notably these are all fairly standard choices for conjugate priors. Two crucial hyper-
parameters that deserve a more careful scrutiny are the couple (Ag, By ); this is because a key
property of our dynamic sparse regression model is the time-variation of ;¢ |w;:, where the dy-

namics of the stochastic process wj; is governed by the conditional variance 532 ~ IG(Ag, Be).

In what follows we study the resulting variational mean and variance of {wj;}};, namely
{0tz and By, for j = 1,...,p, for three alternative limit cases. In addition, since
;¢ directly depends on wj;, we further show how this reflects on the posterior inclusion
probability trajectory {it(y,,)}i=y, for j =1,...,p. These comparative statics are based on
Proposition 2.3 and Proposition B.9 in the Appendix, and allows us to provide a transparent
strategy to select meaningful values of the couple (A¢, Be). The first scenario considers A

constant and B¢ — +00.

.\‘\_ Value
-

: ., 1.00 ;
150 ", I 0.75 ; 250 0.75
: ™ 050 '
0.25
0.00

100- | ., ' 0 0.50
: . :

(a) (b) (C) {Mq('}’jt)}?zl

Figure 3: Scenario A: B¢ — +o00. (a) Depicts the variational correlation matrix for the process
{wjt}i, obtained from X,,). (b) Plots the trajectory of {4i(,,,) }i=1- (c) Shows the effect on the
posterior inclusion probabilities {HQ(W t)}?zl compared to the simulated (red points).

Figure 3 reports the resulting variational covariance matrix 3.,y and the corresponding
trajectory of {g(w;,)}i=; and posterior estimates of the inclusion probabilities {jig(y;,) ;-
As By — +o00, the process {wj;}i-; tends to be i.i.d — X, tends to a diagonal matrix.
This means that we lose the time dependence in the a-priori inclusion probability process,
which leads to a highly erratic dynamics of w;; and, as a result, a highly irregular trajectory
of {#g(y,,) }t=1- The second scenario considers A — +o00 and B, constant. This implies that
Hg(1/¢2) — +00 and, as a consequence, we give infinite weight to the matrix Q when com-
pute X,) (see Proposition 2.3). As shown by Figure 4, such strong and informative time

dependence in the a-prior: inclusion probability process, leads to posterior inclusion prob-
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abilities {ftq(y;,)}#=1 With low variability around the marginal mean of the process {w;}_;,
i.e. expit(E(w;)) = 0. As a result, no sparsity is captured despite being present in the

underlying data generating process.

200- 1.423109e-27

1.192165e-27

9.612220e-28 0.50

100-

7.302785e-28

4.993351e-28 3 50 100 150 200 0 50 100 150 200

(b) (©) {Hq(v;0) =1

Figure 4: Scenario B: A¢ — +o00. (a) Depicts the variational correlation matrix for the process
{wjt}iz, obtained from X,,.,). (b) Plots the trajectory of {i(u,,)}i=1- (¢) Shows the effect on the
posterior inclusion probabilities {4i(,;,)}i=; compared to the simulated (red points).

The last scenario considers A¢/B¢ — ¢i, where ¢; € R constant. This implies that
Hg(1/e2) = C2 where ¢ € RT and therefore we give moderate weight to the matrix Q
when compute X, (see Proposition 2.3) — i.e, we account for a decreasing correlation as
|ty — ta, t1,to € {1,...,n} increases. As shown by Figure 5, this translates into a moderate
variability in the time dependence in the a-priori inclusion probability process, which leads
to posterior estimates {fiq(y,,)}#=; that accurately track the underlying dynamics of sparsity.
In the following, we propose to fix A. = 2 so that, a-prior, Var({?) = 400 and B¢ can be
directly interpreted as the mean of 5]2. More specifically, to estimate our dynamic sparse
regression model both in the simulation study and the empirical analysis, we set By = 5,
which satisfies A¢/Be — ¢;. We also test in simulation B¢ = 1 or B = 10 as shown in
Section 3.2. The model performance are broadly consistent for B¢ = 5 and B¢ = 1, while

slightly deteriorates for Be = 10.

3 Simulation study

We now perform an extensive simulation study to evaluate the properties of our estimation

framework in a controlled setting. We first compare our variational Bayes method against
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Figure 5: Scenario C: A¢/B¢ — ¢1, ¢1 € RT. (a) Depicts the variational correlation matrix for
the process {wj¢};; obtained from X, ). (b) Plots the trajectory of {sg(.,,)}iz;- (¢) Shows the
effect on the posterior inclusion probabilities {“q(%‘ t)}?zl compared to the simulated (red points).

an equivalent MCMC estimation algorithm. This allows to compare on an equal footing
both inference approaches. Second, we compare the estimation performance of our dynamic
sparse regression model against a variety of alternative static and dynamic variable selection
methods. A particular emphasis will be put on the ability of each method across different
model dimensions in identifying those predictors which enter and leave the model set, vis-a-

vis those predictors who are either never or always in the model specification.

3.1 Variational Bayes vs MCMC

The data augmentation approach based on the Polya-Gamma representation in Eq.(7) has
the main advantage to lead to a more tractable joint distribution p(y,®¥). This aspect is
crucial to derive an efficient MCMC scheme for Bayesian inference. Appendix A provides a
summary of the full conditionals equivalent to our variational Bayes approximation approach.
This allows to make a coherent comparison between our VB and its MCMC counterpart. To

this aim, we compare the posterior accuracy as proposed by Wand et al. (2011):

ACC(9) = {1 _ 0.5/ 4(8) — p(9]y)| dﬂ} %, (20)

where 9 is a parameter of interest, ¢(19) is the variational density and p(9¥]y) denotes the
posterior distribution sampled via MCMC. Note that the evaluation of the variational Bayes

approximation compared to MCMC is fraught with difficulty. An accurate comparison is
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hampered by the difficulty to determine the convergence whether the MCMC scheme con-
verged to its stationary distribution. In addition, one can arbitrarily trade accuracy with
speed in both an MCMC and in a VB context. With this in mind, we consider the same
hyper-parameters for both the VB and MCMC approaches and choose an arbitrarily large

number of draws, so that comparison between methods focuses on accuracy.

The simulation is set up as follows. We consider p = 3 and n = 100, and generate
{8,119 with B, = (B, Ba, Bs¢)' such that By, is a time-varying parameter always included
in the model, £y is set equal to zero for all the time periods, while f3; shows a dynamic
sparsity pattern. Then, we generate N = 100 replicates from y; = ng':l Bjtxji—1 + €, with
e: ~ N(0,0.25) and z;; generated from a standard normal for ¢ = 1,...,100. Notice that for
the purpose of comparing the accuracy of our VB versus its MCMC counterpart, the small
dimension p has a limited impact on the validity of the results. A small-scale time-varying
parameter regression retains the same key properties we want to investigate in terms of

dynamic sparsity, with the main advantage of speeding up the MCMC computation.

For each simulated parameter we report the overlapping posterior densities for one selected
replicate of fj;, j = 1,2,3 obtained via VB (blue) vs MCMC (red). In addition, we report
a box-chart for each time ¢ representing the accuracy ¢* (8;;) with respect to the MCMC
p (Bjt]y) as per Eq.(20) across simulations. For the sake of brevity, we leave additional results
for ¢* (bj:) and ¢* (7;¢) vs their MCMC equivalent to Appendix D.1.
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(a) By for one simulated path (b) Accuracy across simulations

Figure 6: Comparison with MCMC when f1; is a time-varying parameter with ~v; = 1, for all
t. Left panel shows the overlapping posterior densities of 31; obtained via VB (blue) and MCMC
(red), for one selected replicate. Right panel shows the accuracy over time of ¢* (51;) compared to
p (B1t|ly) across simulations.
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a(Bs) vs pBsly)

Figure 6(a) shows that ¢* (f;) is slightly more concentrated around the posterior mean
compared to its MCMC equivalent. This is a by-product of the nature of the approximating
density (see Proposition 2.4): the weights in the mixture defining ¢*(3,) are such that ws = 1
if s=(1,1,...,1) and ws = 0 otherwise. Thus, we only keep one component of the mixture.
This is not the case for MCMC draws which still sample from a Gaussian distribution when
71t = 0. Nevertheless, the accuracy of ¢* (f1¢) in approximating p (81;]y) is as high as 80%
as shown by Figure 6(b).

Next, we consider the case in which a given predictor is always excluded over time. Figure
7(a) highlights that VB provides posterior inclusion probabilities tight around zero, as high-
lighted in Proposition 2.7. The weights in the mixture ¢*(83,) are w, = 1 if s = (0,0,...,0)
and ws, = 0 otherwise. Hence, we only keep the component of the mixture that identifies
a sequence of Dirac at zero dp(52). On the other hand, MCMC draws show a much lower
concentration of the posterior probability mass at zero. This is reflected in a relatively lower
overlapping — around 75% accuracy — of the posterior density ¢* (52;) compared to p (Ba|y)
across simulations, as shown by Figure 7(b). The right panels in Figure D.4 report a similar

accuracy for both by, and 7o, respectively.
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(a) Ba for one simulated path (b) Accuracy across simulations

Figure 7: Comparison with MCMC when [ is a coefficient constant at zero, i.e. y9; = 0, for all
t. Left panel shows the overlapping posterior densities of B2, obtained via VB (blue) and MCMC
(red), for one selected replicate. Right panel shows the accuracy over time of ¢* (2;) compared to
p (Bat]y) across simulations.

Finally, we compare the accuracy of our variational Bayes inference against MCMC for
the time-varying parameter [33; which displays a pattern of dynamic sparsity. Figure 8(a)

depicts a tight approximation to MCMC draws during periods in which the coefficient is
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unambiguously included in the model (initial and final part), while the densities overlap
between VB and MCMC deteriorates when 3, — 0 as in the middle part of the sample.
This confirms what highlighted in Figures 6(b) and 7(b): when the probability of inclusion
approaches one, the posterior densities of our VB and the equivalent MCMC tend to overlap
almost entirely. On the other hand, when there is less certainty on the inclusion of a given
predictor, or outright certainty of exclusion, the MCMC posterior draws tend to be less
concentrated on the actual inclusion probabilities. The middle panels in Figure D.4 show

that is also applies for bs; and ~s;.
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Figure 8: Comparison with MCMC when fs; is a coefficient that shows dynamic sparsity. Left
panel shows the overlapping posterior densities of 83, obtained via VB (blue) and MCMC (red), for
one selected replicate. Right panel shows the accuracy over time of ¢* (f3;) compared to p (83t]y)
across simulations.

3.2 Comparison with existing variable selection methods

We now perform an extensive simulation study to compare our dynamic sparse regression
model as outlined in Section 2 against a variety of established Bayesian static and dynamic
variable selection methods. As far as the data generating process is concerned, we consider
M = 100 replicates from the following data generating process y;, = Z§:1 Bjtxje—1 + ¢ with
g ~ N(0,0.25) and {:vjt}?:l are independently generated at each time ¢t = 1,...,n from a
standard normal distribution. Consistent with the empirical application we set the length
of the time series n = 200 and p € {50, 100,200}. We assume that different coefficients have
different dynamics; for instance, (i; is a time-varying parameter which is always included

in the model, i.e. vy = 1 Vt, Ba.7+ show different types of dynamic sparsity — which will be
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discussed later — and g, is set to zero for all ¢, i.e. vg,,, = 0 Vt. For the sake of brevity, in
the following we focus on accuracy for regression models with p = 50, 200 predictors. The
results for the case p = 100 are reported in Appendix D.2. The latter also reports examples

of the simulated trajectories for each of the parameters discussed in the results.

We implement different versions of our dynamic Bernoulli-Gaussian BG model. Hereafter,
BGH is the homoskedastic alternative to BG, and BGS performs smoothing on the posterior
inclusion probabilities as highlighted in Section 2.1. Furthermore, we also consider our main
BG algorithm with fixed hyper-parameters By = 1,10 for the variance of the latent process
wjt. We compare our dynamic sparse regression model against a series of established static
sparsity inducing priors, which arguably represent the workhorse in Bayesian inference in
linear regressions. We consider two continuous shrinkage priors, i.e. the normal-gamma
of Griffin and Brown (2010) (BNG) and the horseshoe of Carvalho et al. (2010) (BHS), as
well as the mixture of Gaussians proposed by George and McCulloch (1993) (SSVS) and
EM spike-and-slab of Rockova and George (2014) (EMVS). We follow existing literature,
such as Huber et al. (2021); Bianchi et al. (2022b), and use the signal adaptive variable
selector (SAVS) of Ray and Bhattacharya (2018) as post-processing tool to induce sparsity
in the posterior estimates from the hierarchical shrinkage priors BNG and BHS. To mimic
a time-varying behavior we estimate each model based on a recursive rolling window of
100 observations. Finally, we consider two recent advancements towards dynamic variable
selection in large-scale regressions, such as the dynamic spike-and-slab specification of Koop
and Korobilis (2020) (DVS) and Rockova and McAlinn (2021) (DSS). The latter is estimated
with three different values of the marginal importance weight parameter © € {0.1,0.5,0.9}.

We compare all models based on both point estimation accuracy and their ability to
identify which predictor is significant in a given time period. Point accuracy is measured
by the mean-squared error (MSE), which represents the squared distance between the true
parameters 3;;, t = 1,...,n observed at each simulation and its corresponding posterior
estimate Ejt. As a measure of identification accuracy we quantify the type I vs type II error
in variables selection from the Fl-score (see, e.g., Bianchi et al., 2022b). This provides a

direct assessment of the ability to correctly classify a predictor as “active” at time t.

Top panels of Figure 9 report the Fl-scores for the time-varying parameter (3;; which
follows an AR(1) process with persistence equal to 0.98 and conditional variance equal to
0.1. An example of the simulated trajectory is reported in Figure D.5 in Appendix D.2. With

the partial exception of DSS(1), all models provide an accurate identification of vy; = 1, Vt.
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Figure 9: Estimation accuracy for 81¢. Top panels report the F1-score for p = 50 (left) and p = 200
(right). Bottom panels report the MSE for p = 50 (left) and p = 200 (right).

Perhaps not surprisingly, when it comes to point estimation, a rolling window approach is
less accurate in modeling the pure dynamics of the time-varying parameter. That is, the

squared estimation error from all static variable selection methods is higher.

Figure 10 shows the point estimation accuracy and the F1l-score for the [35.3, which in-
volves one switch from 723, = 0 to v2.3¢: = 1. Specifically, the parameter is generated by
dividing the interval in sub-periods [1,n] = [1,t1]U[t; + 1, ¢ + ] U... Uty + ... + ¢, + 1,n],
where t; ~ Pois(n/2), so that the expected number of sub-periods is 2, and then randomly
alternate periods where 7;; = 0 and ~;; = 1. For the intervals where v;; = 1 we generate an
AR(1) process as for §1;. This represents a “structural break” type of scenario in which the
estimation accuracy broadly deteriorates. Nevertheless, our BG, BGS and BGH approaches out-
perform all competing methods. This applies for both p = 50 and p = 200. On the contrary,

the F1-score across the other competing methods substantially deteriorates, particularly for
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Figure 10: Estimation accuracy for f.3;. Top panels report the Fl-score for p = 50 (left) and
p = 200 (right). Bottom panels report the MSE for p = 50 (left) and p = 200 (right).

a large-scale regression (p = 200) and static variable selection methods (see top-right panel).
This translates into a visible reduction in the point estimation accuracy, as shown by the
MSE in the bottom panels.

Figure 11 shows the point estimation accuracy and the F1-score for the ;.5 ; which involves
two switches from 45, = 0 to Y45+ = 1 and vice-versa. Specifically, the parameter is
generated as follows by divide the interval in sub-periods as for a3, but set ¢ ~ Pois(n/4),
so that the expected number of sub-periods is 4, and then randomly alternate periods where
vjt = 0 and ;, = 1. For the intervals where 7;, = 1 the process is an AR(1) as for 8;;. The
results suggest that a more a volatile dynamics broadly poses extra challenges for parameters
identification. This is particularly detrimental for static variable selection methods estimated
based on a rolling window. For instance, for p = 200, the static and dynamic spike-and-
slab methods SSVS, EMWS, DSS(1) and DSS(5) generate a rather dismal average F1-score of
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Figure 11: Estimation accuracy for 54 : 5,¢t. Top panels report the Fl-score for p = 50 (left) and
p = 200 (right). Bottom panels report the MSE for p = 50 (left) and p = 200 (right).

0.5. This translates in a visibly higher mean squared error in point estimates, as shown by
the MSE. Nevertheless, our dynamic BG model achieve a visibly more accurate parameter

identification and estimation accuracy, in particular for p = 200 and for BGS.

Next, we consider a short-lived signal with S.7,. Specifically, the dynamics of the param-
eter is generated by sampling an interval length A; ~ Pois(n/10) and place it at random on
the timeline such that 7;; = 1 in that period, then generate a trajectory for the coefficient
as for fy;. This constitutes a rather extreme case in which a predictor is significant only
for a very short period of time. Figure 12 broadly confirms that shorter signals are more
complicated to extract, particularly for the static variable selection methods, with a median
F1-score of 0.25 for both spike-and-slab priors for both p = 50 and p = 200.

This is because rolling window procedure only tangentially capture sudden changes, and

therefore strongly under-performs in terms of identification. This also holds with p = 200
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Figure 12: Estimation accuracy for fg.7;. Top panels report the Fl-score for p = 50 (left) and
p = 200 (right). Bottom panels report the MSE for p = 50 (left) and p = 200 (right).

when we impose a very tight variance to wj; via Be. Overall, our dynamic BGS model ranks
best in terms of accuracy of signal identification. Notably, the poor performance of the
classification does not affect the accuracy of the posterior estimates. This is due to the
short-live nature of the fg.7,; that is, a large mis-classification for a short period is likely
diluted by a good performance when the parameter is zero. This is confirmed by Figure 13,
which reports the results for fs.,; = 0, V¢. Within this setting, there is no signal to identity,
therefore the F1l-scores metric is replaced by the classification accuracy (ACC). All models
provide good results in terms of identification and estimation accuracy, with the exception
of DVS for p = 50 and EMVS for p = 200.

Appendix D.2 provides additional results testing two key dimensions of our dynamic
variable selection method: robustness to correlated signals and computational speed. As far

as the robustness to correlation is concerned, Figures 8(b)-8(a) in Section D.3 show that
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Figure 13: Estimation accuracy for fs.,;. Top panels report the Fl-score for p = 50 (left) and
p = 200 (right). Bottom panels report the MSE for p = 50 (left) and p = 200 (right).

with the exception of extremely high level of autocorrelation and cross-sectional correlation,
our dynamic variable selection method is reasonably robust. The median F1-score tend to
marginally deteriorate for high level of auto-correlation and/or cross-sectional correlations.
This is more evident in the context of highly correlated, short-lived, predictors. However,
the results suggest that our dynamic BG captures a great deal of sparsity in the dynamics of

the regression coefficients independently on the auto- and/or cross-correlation assumptions.

In addition, Figure D.9 shows that the main advantage of our algorithmic procedure is
that the computational cost of the implementation increases at a lower rate with respect to
DVS and DSS as p increases and the signal p is fixed. For instance, for p = 200, BG provides
posterior inference almost three times faster than DVS and four times faster than DSS, on
average. Such computational efficiency is a direct consequence of the properties outlined

in Section 2.2 and arguably makes our approach particularly suitable in cases in which n
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is moderate and p is large. A series of unreported results, also show that sampling from
the MCMC equivalent (see Section A) would be more than fifteen times more costly than
sampling from our variational Bayes scheme — 71.5 secs for 20,000 draws from the MCMC
vs 4.2 secs for convergence in our VB setting. This is consistent with existing evidence on
the computational advantage of variational inference methods vs MCMC in the context of
linear models (see, e.g., Ray and Szabd, 2022; Chan and Yu, 2022; Bianchi et al., 2022b)

4 Applications in economics and finance

We now investigate the performance of our dynamic BG models within the context of two
common problems in macroeconomics and finance: inflation forecasting based on a large set
of macroeconomic variables (see, e.g., Faust and Wright, 2013) and the predictability of the
equity premium based on characteristic-managed portfolios (see, e.g., Dong et al., 2022).
In both cases it is not uncommon to argue in favor of modeling parameter changes for the
purpose of out-of-sample forecasting (see, e.g., Kalli and Griffin, 2014; Bitto and Frithwirth-
Schnatter, 2019; Huber et al., 2021; Dangl and Halling, 2012; Farmer et al., 2022). For
instance, the conventional wisdom posits that the Philips curve — the relationship between
unemployment and inflation — has changed over time. If so, the regression coefficients loading
on labour market variables when forecasting inflation should be time varying.” Similarly, it
is commonly thought that the relationship between the risk premium on a given asset — that
is the conditional expected excess return — and sources of systematic risk is not constant

over time (see, e.g., Kelly et al., 2019).

4.1 Inflation forecasting

We retrieve the macroeconomic data from the FRED-QD database of McCracken and Ng
(2020). The variables consists in quarterly data spanning the period 3rd quarter 1967 to
2nd quarter 2022, such that the sample includes oil shocks in 1973 and 1979, mild reces-
sion in 1990, the dot-com bubble and the great recession in 2007-2009, and the covid-19
pandemic since 2020. We focus on forecasting four measures of inflation, namely total
CPI (CPIAUCSL), core CPI (CPILFESL), GDP deflator (GDPCTPI), and PCE deflator
(PCECTPI). The name in parenthesis coincides with the variables’ code in the original

"The necessity of capturing these dynamic trends have been discussed and explored in Stock and Watson
(2007), who point out that forecasting inflation has become harder due to trend cycles and dynamic volatility
processes.
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database. When each of these price series P; is used as target variable to predict h-quarters
ahead we transform it according to the formula vy, = (400/h)In (P;/P;—1). The 229 pre-
dictors are transformed according to standard norms in literature (see McCracken and Ng,

2020). The set of predictors also includes the first two lags of the response variable.

In sample analysis. Before discussing the out-of-sample forecasting performance, we first
report the in-sample posterior estimates of both the inclusion probabilities and the regression
coefficients. This exercise is intended to demonstrate that our variational Bayes approach
provides reasonable estimates of trends, volatilities and other parameters. For the sake of
brevity we report the in-sample estimates for h = 1 quarter ahead. Figure 14 reports the
time-varying posterior inclusion probabilities and posterior regression coefficients estimates
Hq(s,,) from our dynamic BG model for the CPTAUCSL inflation measure. The results show
that only a handful of variables significantly predict the one-quarter ahead total CPI. This
is consistent with Stock and Watson (2007); Harvey et al. (2007), whereby a great deal of

time-series variation in inflation is simply captured by a time-varying mean.

Not surprisingly, past inflation plays a significant role for the one-quarter ahead growth in
CPI. This is in line with Koop and Korobilis (2012). Also, the posterior estimates show an
interesting intersection between demand and supply factors on inflation; for instance, on the
supply side industrial production (INDPRO) is predominantly positively related to inflation
until 2008/2009. On the demand side, real personal consumption expenditures (PCESVx)
becomes significant since 2000 until the end of 2022. This suggests that the interplay between
demand and supply pressure on inflation is potentially time varying and possibly correlates
with the business cycle dynamics. Finally, the model estimates confirm that monetary policy
tightening exerts a downward pressure on inflation, with the 5-year treasury interest rates
(T5YFFM) negatively correlated with total CPI inflation throughout the sample.

Figure 15 reports the posterior estimates fiq(g;,), Hq(y;,) from our dynamic BG model for
the PCECTPI inflation measure. Interestingly, there is some overlapping in the dynamics
of inflation predictability between the total CPI and the PCE deflator. For instance, lagged
inflation plays a significant role for both CPIAUCSL and PCECTPI over the first part
of the sample, which coincide with oil crisis in the 70 and recession in the early ’80s.
Similarly, some variables such as industrial production (INDPRO), 5-year treasury interest
rates (THYFFM), and producer price index (WPSFD49207) are also overlapping across both
measures of inflation. This suggest that our model is able to pick up some interesting

broad dynamics for the supply- and demand-side predictors for inflation. In Appendix E we
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Figure 14: Time-varying coefficients estimates 14(g,,) and posterior inclusion probabilities for total
CPI (CPIAUCSL).

report the in-sample estimates for both the core CPI (CPILFESL) and the GDP deflator
(GDPCTPI). The results confirm two key features of our dynamic BG model: first, it captures
predictors with some clear economic meaning. This is the case of a short-lived significance
of real consumption expenditures (PCECC96) towards the end of 2020, which potentially

highlights the role of stimulating demand on inflation.

Second, our model provides an alternative view to some of the main theory-based inflation
predictors. For instance, short-term unemployment carries a significant signal to predict in-
flation as measured by the GDP deflator from the great financial crisis towards the end of the
sample the GDP deflator. This evidence in favour of a time-varying Phillips curve, whereby
the theoretical inverse relationship between unemployment and inflation is supported by the
data but only during specific time periods. Figure E.11 in Appendix E corroborates the im-
portance of capturing such dynamics by comparing the strength of the information available

to predict inflation and idiosyncratic volatility; that is, a richer model is needed at times of
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Figure 15: Time-varying coefficients estimates 1, 3;;) and posterior inclusion probabilities for PCE
deflator (PCECTPI).

higher uncertainty as proxied by the volatility in the residuals.

Out-of-sample forecasting. For each inflation measure we evaluate the h-quarter ahead
forecasting performance based on both point forecast and density forecast accuracy. We can
divide the competing methods into three groups. The first includes a series of widely used
benchmarks for inflation forecasting, such as the unobserved component model of Stock and
Watson (2007) (UC), an auto-regressive model of order two (AR(2) ), and an auto-regressive of
model of order two with time-varying parameters (TVAR(2)) (see, e.g., Koop and Korobilis,
2020). Notice that both UC and TVAR(2) account for stochastic volatility. In addition, we
consider also a static latent factor model with five principal components (F5) as additional
benchmark. Latent factor models also represent a rather successful approach within the

context of high-dimensional regression models (see, e.g., Stock and Watson, 2006).

The second group of models is composed by static variable selection methods estimated
using a 30-year rolling window procedure. This includes two continuous shrinkage priors,

i.e. the normal-gamma prior of Griffin and Brown (2010) (BNG) and the horseshoe prior of
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Carvalho et al. (2010) (BHS), and the variable selection methods of George and McCulloch
(1993) (8SvS), Rockova and George (2014) (EMVS), and Giannone et al. (2021) (GLP). We
follow existing literature, such as Huber et al. (2021); Bianchi et al. (2022b), and use the
signal adaptive variable selector (SAVS) of Ray and Bhattacharya (2018) as post-processing
tool to sparsify the posterior estimates from the hierarchical shrinkage priors BNG and BHS.
Notice that also the AR(2) model is static in nature, and therefore estimated based on the

same 30-year rolling window approach.

The third group of models considers recent advances in dynamic variable selection with
time varying parameters such as Koop and Korobilis (2020) (DVS) and Rockova and McAlinn
(2021) (DSS). Consistent with the simulation exercise in Section 3.2, for the DSS we consider
three different values of the marginal importance weight parameter © € {0.1,0.5,0.9}. As
far as our dynamic sparse regression is concerned, we test a model with (BG) and without
(BGH) stochastic volatility. We consider a combination of uninformative hyper-parameters
A, =001,B, =0.01, A, = 0.01, B, = 0.01, and A; = 2, B¢ = 5, where the choice of the

latter is based on the sensitivity analysis in Section 2.2.

We first report the relative mean squared forecasting error computed as RMSFFE; =
S €2, =S €} Where T denotes the beginning of the out-of-sample period, and e?,,
Chench the forecast errors from a competing model and a benchmark specification, respec-
tively. A value greater than zero indicates a model is under-performing the UC and vice-versa.
The first prediction is generated in 1997Q3. We consider as e, , the UC model of Stock
and Watson (2007). Figure 16(a) reports the results. Not surprisingly, the UC represents a
tough benchmark for point forecasts across models. The relative mean squared forecasting
error with respect to UC is positive for all static variable selection methods based on rolling
window estimates as well as for DVS and DSS irrespective of the choice of ©. This holds
across forecasting horizons and inflation measures, although with difference in magnitude.
The gap with respect to UC tend to increase with the forecasting horizon. Nevertheless,
our dynamic BG model outperforms both the benchmark and all of the competing variable
selection strategies across forecasting horizons and most inflation measures. Remarkably,
this also holds in comparison with both AR(2) and TVAR(2); two models which discard any

information about macroeconomic factors.

As for the quality of the density forecasts, Figure 16(b) reports the average log score differ-
ential between a given model 7 and a benchmark, ALS; = ﬁ ZtT:T (log(S;+) — log(Shench.t))
where log(S;;) and log(Shencn,t) represent the log-score of the ith model and the benchmark,
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Figure 16: Point and density forecasting. Left panel reports the relative mean squared forecasting
error with respect to the unobserved component benchmark UC. The right panel reports the relative
log-predictive socre with respect to the time-varying AR(2) model with stochastic volatility. The
sample period is from 1967Q3 to 2022Q3. The first prediction is generated in 1997Q3. The scale
on the x-axis is truncated to improve readability.

respectively. We consider log(Syr(2),+) as benchmark since produces the highest log-predictive
score among all of the other methods. Interestingly, a simple TVAR(2) represents a chal-
lenging benchmark to beat when it comes to density forecasting, especially for short-term
forecasts. This is in line with Koop and Korobilis (2020). However, our dynamic BG model
represents the only competitive alternative with respect to the static and dynamic variable

selection methods.

Finally, we investigate if the performance of different models are statistically different
based on a series of pairwise (Diebold and Mariano, 1995) (DM) tests. Figure 17 shows the
results. For a given pairwise comparison, if the null hypothesis H, : MSEC > MSER —
where MSE® and M SEF denote the mean-squared error of the column and row model —, is
not rejected at a 10% level we report 0 (white) in the graph. If the null is rejected we report 1
(blue). For the ease of exposition, we report the results for h = 1, 2 forecasting horizons. The

results for h = 4,8 are reported in Appendix E. As far as short-term forecasts are concerned
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Figure 17: Diebold-Mariano test for the null hypothesis Ho : MSEC > MSE"®, where MSE®
and MSE® denote the mean-squared error of the column and row model, respectively. If the null
is not rejected at a 10% level we report 0 (white). If the null is rejected we report 1 (blue).

(first row in Figure 17), the pairwise testing results suggest that our dynamic BG model
provides a statistically comparable performance to conventional benchmarks, such as the UC
and the time-varying AR(2) model. Yet, both BG and BGH significantly outperforms all of
the other static and dynamic variable selection strategies which make use of macroeconomic
predictors. This holds across inflation measures. More broadly, the DM tests suggest that if
the final goal is to juxtapose accurate predictions with the understanding of the key drivers
of the inflation’s dynamic, then our dynamic sparse regression modeling framework stands

out against competing strategies.

4.2 Anomalies and the expected returns on the market

We consider the predictive content of a large set characteristic-managed portfolios, or “fac-

tors” for the one-month ahead aggregate stock market returns, expanding on the original
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framework of Dong et al. (2022). As customary in the empirical finance literature, we re-
strict our analysis to value-weighted strategies that can be constructed using the Center for
Research in Security Prices (CRSP) monthly and daily stock files, the Compustat Funda-
mental annual and quarterly files, and the Institutional Broker Estimate (IBES) database.
In addition, we exclude a handful of strategies for which there are missing returns. This
process identifies 149 value-weighted long-short portfolios for which we can collect monthly
returns. For a more detailed description of the portfolio construction we refer to Jensen et al.
(2022).% The portfolio returns span the period January 1971 to December 2021. The target
variable is the one-month ahead returns on the value-weighted market portfolio in excess of

the 30-day T-bill rate, a proxy for the equity risk premium.

In-sample analysis. We first report the in-sample posterior estimates of both the inclu-
sion probabilities and the regression coefficients. This exercise is intended to inspect the
dynamics and significance of characteristic-based portfolios for the aggregate stock market
returns over time. Figure 18(a) reports the time-varying posterior inclusion probabilities
and posterior regression coefficients estimates fi,,,) from our dynamic BG model. We re-
port those coefficients for which the posterior probability of inclusion is non-negligible. The
results show that the model size is quite small, that is only few anomalies actually carry
significant predictive power, as indicated by the regression coefficient on the max1 21d and

the turnover_126d portfolios.

The max1 21d anomaly pertains a long-short strategy based on the maximum daily re-
turns over the previous 21 trading trading days (see Bali et al., 2011), while turnover_126d
pertains a long-short portfolio based on stocks the average turnover rate — number of shares
traded as a fraction of the number of shares outstanding — in the previous 126 trading days
as a proxy for liquidity (see Datar et al., 1998). These portfolios are primarily related to
trading frictions. Figure 18(b) reports the posterior estimates of the idiosyncratic volatility
Hq(o,) (see Eq.B.24 in Appendix B). Idiosyncratic volatility is counter-cyclical, i.e., higher in
recessions, and partly correlates with the strength of the signals as indicated by the dynamics

of the regression coefficients.

Out-of-sample forecasting. As customary in the empirical asset pricing literature, we

evaluate the one-month ahead forecasting performance based on both point forecast and

8Data on the 153 set of characteristic-based portfolios can be found at https://jkpfactors.com. We
thank Bryan Kelly for making these data available.
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Figure 18: Dynamic sparsity and volatility. Left panel reports the time-varying coefficients esti-
mates fi4(g,,) and posterior inclusion probabilities. The right panel reports the posterior estimates
of the idiosyncratic volatility tiy(s,)-

density forecast accuracy. In addition to our BG and BGH models, we consider the same
set of static and dynamic variable selection methods as outlined in Section 4.1. However,
we consider a different set of benchmark methods consistent with the existing literature.
These consist of both equal-weight forecasts from individual regressions (cOLS) — one for
each predictor — as in Rapach et al. (2010), the prediction from the recursively calculated
sample mean (see, e.g., Welch and Goyal, 2008), a one-factor static principal component
regression (F1), and a univariate regression in which the only predictor consists of the cross-
sectional average of the 153 portfolio returns (cPred) (see, e.g., Dong et al., 2022). As for the
prior hyper-parameters of our BG and BGH specifications, we consider the same combination
of uninformative hyper-parameters A, = 0.01, B, = 0.01, A,, = 0.01, B, = 0.01, and A, =
2, B¢ = 5, as for the inflation forecasting exercise (see Section 2.2). In addition, to allow
for a direct comparison with Welch and Goyal (2008); Dong et al. (2022), we consider an
expanding window approach in which the first 20 years of monthly returns are considered as

burn-in, and forecasts are recursively generated from 1991MO01 to 2021M12.

Figure 19(a) reports both the relative mean squared forecasting error and the log-score
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Figure 19: Forecasting performance. Left panel reports the mean squared error and log-predictive
score differentials with respect to a simple recursive sample mean estimate. The scale on the x-axis
is truncated to improve readability. Right panel reports the pairwise Diebold-Mariano tests. The
sample period is from 1971M11 to 2021M12. The first prediction is generated in 1991MO1.

differentials calculated as in Section 4.1, where the benchmark is the recursively calculated
sample mean. The latter represents a widely used reference point to measure the extent of
stock returns predictability (see, e.g., Campbell and Thompson, 2008; Fisher et al., 2020).
The main message that transpire from both the point and density forecasts is that our dy-
namic Bernoulli-Gaussian regression strategy outperforms both static and dynamic compet-
ing variable selection strategies. Specifically, our BG model produces a smaller mean squared
forecasting error than the no-predictability benchmark. Among the alternative benchmark
considered, both the simple equal-weight average of individual forecasts cOLS and the cPred

univariate regression performs on par with the recursive mean.

Figure 19(b) reports the results for a Diebold-Mariano (Diebold and Mariano, 1995) tests
similar to Figure 17. Broadly speaking, the DM tests suggest that if the final goal is to
leverage on the time-varying information from anomaly portfolios to the expected returns
on the stock market, then our dynamic sparse regression modeling framework stands out

against both static and dynamic variable selection strategies. Appendix E reports additional
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results based on the mean absolute error. The results largely confirm the pattern from the
relative mean squared error. Finally, as far as the quality of density forecasts is concerned,
Figure 19(a) shows that our dynamic Bernoulli-Gaussian model with stochastic volatility is
again the only one outperforming the no-predictability benchmark: the log-predictive score
from BG is larger than assuming returns are generated from a normal distribution recursive

sample mean and variance as sufficient statistics.

5 Concluding remarks

We are interested in modeling dynamic sparsity within the context of large-scale linear re-
gression models with time-varying parameters. To this aim, we propose a novel variational
Bayes estimation procedure which builds upon a dynamic Bernoulli-Gaussian model repre-
sentation. We show both theoretically and in simulation that our inference approach concen-
trates the posterior estimates of time-varying regression coefficients so that different subsets
of predictors can be identified over time. A comprehensive simulation study shows that our
variational Bayes approach is as accurate as its MCMC counterpart, and fares favourably
when compared against state-of-the-art static and dynamic variable selection methods. We
evaluate empirically the performance of our model within the context of two common prob-
lems in economic forecasting, that is inflation and stock returns predictability. The empirical
results suggest that a more accurate identification over time of active predictors translates
into substantial out-of-sample gains compared to a variety of benchmark methods. This
highlights the importance of a dynamic approach to variables selection to fully capture the

extent of both inflation and stock returns predictability.
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Supplementary appendix for:

Dynamic variable selection in
high-dimensional predictive regressions

This appendix provide the derivation of the optimal densities used in our semi-parametric
variational Bayes algorithm. The derivations concern the optimal variational densities for all
model parameters. In addition, we provide formal proofs of the theoretical properties of the
algorithm outlined in Section 2.2. Finally, we provide additional simulation and empirical

results which have not been included in the main text for the sake of brevity.

A An equivalent MCMC sampling scheme

In this section we provide the full conditional distributions for each involved parameter.
The latter enables the implementation of a Gibbs-sampling algorithm (see Algorithm 3) and
constitutes the starting point to derive the variational densities in Appendix B. However, the
MCMC implementation lacks of two important properties. First, it is not possible to smooth
the posterior inclusion probabilities using the strategy in Proposition 2.6. Second, perhaps
more important, the results described in Section 2.2 are no more valid, and therefore an

efficient version of the MCMC that drops the unimportant variables on-line is not available.

Full conditional of p(c?|rest). Recall that the prior assumption on o2 is 0% ~ 1Ga(A,, B,).
The full conditional distribution of o2 given the rest p(co?|rest) o< p(y|o?, b, ~)p(c?) is pro-

portional to:

1 B,
log p(o?|rest) o —g log 0% — @s’s — (Ay + 1) logo® — 5 (A1)

with e =y — E?Zl X,;I';b;, where X}, and I'y, are diagonal matrices with elements

2

and vy, respectively. Therefore, the full conditional distribution of variance o is an inverse-

gamma o?[rest ~ IG (4, + %, B, + ie’e).

Sampling h. In order to get posterior samples from p(h|y), we exploit the methodology
described in Kastner and Frithwirth-Schnatter (2014) where the data are transformed as
€ = Yy — Z§=1 Tji—17jtbje, for t = 1,...,n. The latter is implemented in the stochvol package
in R (Kastner, 2016).

42



Full conditional of p(bj|rest). Let the prior distribution on b; be b; ~ N,,41(0,72Q1).
The full conditional distribution of b; given the rest p(bj|rest) oc p(y|o?, b,v)p(b;|n7) is

proportional to:

log p(bjrest) o< —= ( Zxkrkbk> ( Zxkrkbk> — SHq(1/n2 )b;Qb;

where H, X,, and T';, are diagonal matrices with elements 1/02, x3;_1, and g fort = 1,... n,

respectively. Definee_; =y — Zzzm;«é]’ X I';.by, then

1
log p(bjrest) oc =7 (e = X;Tjby) H (€ = X;Tjb;) = S 4017525 Qb;

1
—= (biT;X,;HX,;T;b; — 2b/T';X;He_;) — Hat0 /2D Qb; (A.2)

MIH[\DIH[\D —

—= (b, X;HX,T; + 1/n;Q)b; — 2b'T; X He ;) .

Therefore, the full conditional distribution of b; is a multivariate Gaussian distribution
b;|rest ~ N1 (p,b rests b |Test), with variance-covariance Xy, |est = (I‘ijHXjI‘j“l_]./'r]]Q-Q)_l
and mean py, |0 = (0;XHXGT; + 1/m2Q)~'I'; X ;He_;.

Full conditional of p(v;|rest). Recall that the prior assumption on v;; is vj: ~ Bern(expit(w;q)).

The full conditional distribution of 7;;, namely p(v;|rest) o< p(y|o?, b,¥)p(vjt|w;:) is pro-

portional to:

20
t k=1

1
o —2—(%tb2t$§t_1 — 295ubjTje—16—jt) + VWi (A.3)

2
1 p
log p(7j¢|rest) oc ——— (yt - Z’thbktxkt—l) + VWi

X Vjt {th 2072 (b2t'rjt 1 ijtl’jt—lg—j,t)}'

Therefore, the full conditional distribution of the indicator variable v;; is a Bernoulli distri-

. : 1 (12 2
bution ~;¢|rest ~ Bern (explt {wjt — ﬁ(bﬁxﬁ_l —2bj1xj16_j4)

Full conditional of p(wjrest). Let the prior distribution on w; be w; ~ Ny,11(0, Q7).
The full conditional distribution p(wjlrest) oc [[T,; p(vjelwse, zje)p(zje|wie)] p(w;|E7) is pro-
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portional to:

1
log p(wjlrest) oc wi(y; —1/2e,) — §w;Diag(zJ~) ;= 2w LQu;

%
oc—%(w;(Diag(zj)—i—l/{fQ) Wiy, — /2. (Ad)

Therefore, the full conditional distribution of w; is a multivariate Gaussian distribution
wj|rest ~ N,4q (meesta ij|rest>, with variance-covariance X, e = (Diag(z;) + 1/5?Q)_1
and mean y’wj|rest = (Dlag(zj) + 1/5]2Q)71(7] - 1/21’71)

Full conditional of p(z;|rest). Recall the Polya-Gamma representation in Eq.(7). Then,
the full conditional distribution of z;;, namely p(z;:|rest) o< p(v;¢|2je, wje)p(zj¢|w;e) is propor-
tional to:

log p(zj¢|rest) o Z]tw + log p(z;1), (A.5)
where p(z;;) is the density function of a Polya-Gamma random variable PG(1,0). Hence,

zjt|rest ~ PG(1,w?,).

9 ]t

Full conditional of p(7?|rest). Assume that a prior 1} ~ 1Ga(4,, B,). Then, the full
conditional distribution of 7? given the rest p(n7|rest) oc p(b;|n?)p(n?) is proportional to:

n—+1 B
J
n+1 1
o< — (4, + 5 +1)10g77]2- 7 (B + b’Qb) (A.6)
J

Therefore, the full conditional distribution of the conditional variance 77? is an inverse-gamma
nilrest ~ 1G (A4, + *, B, + 3b’Qb;).

Full conditional of p(¢7|rest). Recall that a priori £ ~ 1Ga(Ae, Be). The full conditional
distribution of £ given the rest p(&3|rest) oc p(w,|&7)p(&7) is proportional to:

B
p(ff-\rest) o ——l 5]2 2£2w ij (Ae + )log§2 52
—(A¢ + HTH +1)log & — 52 (Bg + 1w ij) . (A7)
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Algorithm 3: Gibbs-sampling scheme for dynamic sparse regression models.

Initialize: 99, ndraws, A4,, B,, A,, By, A¢, Be

for r =1,...,ndraws do

for j=1,...,pdo

Compute Sp, (e = (L VXHO-DX T 4 1/2070 Q)1

Compute I’l‘bj|rest = Ebj|TestI‘§'T71)XjH(T_1)€(jjil);

Sample bgr) ~ Nn+1 (Hbﬂrasta Ebj\rest>;

Compute X, |rest = (Diag(zgr_l)) + 1/5?(r_1)Q)*1;
Compute Hojjrest = Zlerest(7§‘T_1) —1/2t,);

Sample wgr) ~ Nn—‘,—l <IJ/UJJ|T’€$t7 EW;IT’@St);
ot €910« o0+ 70
fort=1,...,ndo

Sample zj(.:) ~ PG(1 WQ(T));

7jt

Sample fyj(.r) ~ Bern <expit {wj(-:) - W(bigﬂx;t - Zbg»:)xﬁc‘i:(_?’])-,t)});
end
end
: (r) _, _ NP M) (r) ).
Sample h with ;" =y, i1 Ty by, (heteroskedastic);

r n 1(r) (.
Sample 120 ~ 1G (A,, + 21 B, + Lh'" Qh! )

Sample 02" ~ 1G (A, + %, B, + /&) (homoskedastic);
end

Hence, the full conditional distribution of the conditional variance f? is an inverse-gamma
&|rest ~ 1G (A¢ + 23, Be + 1w Qu;).

Full conditional of p(v?|rest). Assume that a priori v? ~ 1Ga(A,, B,). The full condi-

tional distribution of v? given the rest p(v?|rest) o< p(h|v?)p(v?) is proportional to:

n+1 1 B,
p(V?|rest) o< — 5 log v* — Wh;th — (A, +1)logv? — =
n+1 1 1
x —(A, + + 1) log v* — ) (BV + Ethh]) . (A.8)

Therefore, the full conditional distribution of the conditional variance /2

Virest ~ 1G (A, + 2, B, + %hg-th).

is an inverse-gamma
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B Optimal variational densities

Proposition B.1. The optimal variational density for the time-varying regression parame-

ters b = (bjo, bj1, .. .,bjn) is a multivariate Gaussian g*(b;) = N1 (Kgp,): Zab;)), where:

2 —1
zDq(bj) = (Dj + “q(l/n?)Q) J Hgb;) = E(I(bj)Dj“q(s,jw (B-l)

where D; and D} are diagonal matrices with elements [D;], = Iq(1/02)Ha(r;e) Tit—1 and D;)? =
uq(l/gtz)uq(vjt)x?t_l, respectively. Moreover, Hoe_,) 18 the vector of partial residuals with ele-
MENES flo(e_j) = Yo = D ko ko Tht—1Ha(rie) Habre)

Proof. The full conditional distribution of b; given the rest p(bj|rest) is defined in Eq.(A.2).
According to Ormerod and Wand (2010), the optimal variational density is given by:

log ¢*(by) o E_p, [log p(b|rest)]

j
1

1
x5 (b;D?bj - QbSDj“q(a,,-)> - §Mq(1/n§)b;'ij (B.2)

1 2
x —3 (bﬁ'(Dj + g1/ Q)b; — Qb}Djﬂq(e_j>> :
where D7 is a diagonal matrix with elements equal to
D} = E_y, [Vjtx;?fl/atz)] = Ha(1/0?)Ma(v;0)Lji—1:

and ,uq(sfj) = (0, Ha(e_ja1)s- - - ,uq(gijyn)) with

P
=Y — Z Lt —1Hq(yie) Ha(bre) -
k=1,k+j

p
y— >, XiIiby
A

Hq(e—j) = E—bj

Equation B.2 represents the kernel of a multivariate Gaussian distribution as in B.1. n

Proposition B.2. The optimal variational density for the parameters v;; is a Bernoulli ran-

dom variable q*(v;:) = Bern(expit(wy(y,,))), where expit(-) is the inverse of the logit function
and Wy, = Hauwy) = 3Ha01/03) (@51 BalbFi] = 20,0 Tie-1hac,0)-

Proof. The full conditional distribution of v;; ~ p(v;¢|rest) is derived in Eq.(A.3). Thus, the
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optimal variational density is given by:

log ¢*(7;¢) o< E_,, [log p(7;¢|rest)]
1 (B.3)

o< Vit { gty — §NQ(1/02)(‘T§t71Eq[b§t] — 2Ug(b;) Tjt—1fg(=_;.0)) >

where E,[b7,] = ug(bﬁ) + og(bjt). Eq.B.3 is the kernel of a Bernoulli distribution as in B.2. [
Proposition B.3. The optimal variational density for the parameter w; is a multivariate
Gaussian ¢*(wj) = Npy1(Hg,), Zgw;)), where:

z:q(wj) = (Dlag(ov I-'l’q(zj)) + /Lq(l/g?.)Q)_la l-l’q(wj) = Zq(w]')(oa [J,;(;yj))T, (B4)

With Pos;) = Ba(y) — 1/2n.

Proof. The full conditional distribution of w; is defined in Eq.(A.4). Then, the optimal

variational density is given by:
log ¢*(w;) oc B, [log p(w;]rest)]
O Wikg(s,) — %%Diag(ﬁ‘fq(zﬂ)wj - %Nqu/s;)w}ij (B.5)
o~ () (Diag(0. 1,0 ) + 111/ Qs — 20, ) )

where prg5y = HBgey,) — 1 /2t,. Equation B.5 is the kernel of a multivariate Gaussian distri-
bution as in 2.3. O

Proposition B.4. Let ¢*(b;) and ¢*(v;:) be the optimal variational densities presented in
Propositions 2.1 and 2.2. Define B; = T';b;, where the matriz T'; = diag(1,vj1,...,jn). The

optimal variational density of B; is given by a mizture of multivariate Gaussian distributions:

q*(ﬁj) - Z Wy Nn+1 (Ds/l'q(bj)a D;/zzq(b]’)Din)v (B6>

seS

where S is a sequence of {0,1} of length n with cardinality |S| = 2", the diagonal matriz

D, =diag(1, s1, ..., sn), and mizing weights:

n
1—
ws = H Mzt(w)(l — Hqty) (B.7)
t=1
where s = (S1,..., 84 ...,5,) €S is an element in S. Moreover, the mean and variance can
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be computed analytically:
Hy(s;) = Pa(r,)Pa(b,): (B-8)
28 = (Bgty)) Hg(ry) + Wﬂq(wp) © X)) + Wy, ) © Fo(o,) Ba(b,) (B.9)

where W, is a diagonal matriz with elements (1, { kg0 (1 = Bgiry)) rer) -
J

Proof. Recall that under the mean-field variational Bayes setting we have that
Q(bj) Vily e 77Jn - H q %t (B]_O)
t=1

For the sake of simplicity, in what follows we drop the index j and define v = diag(T)
the diagonal elements in I'. Consider the following transformation of random variables
(v =~,8 =Tb), so that b =T~!3. Hence it follows that:

Vo(rs ) V(s I, 0
g | Ven 1 )" V(i o7 )| _ (B.11)
V.3 Var'g v.r'g !
and so |J| = [I7Y. The joint distribution of (3,71, ...,7.) can be written as:
4B, 7)) = I a@'B) [ [ atve) = FBI, - ) Fns ) (B.12)
t=1

where ¢ are then replaced by the optimal elements ¢*. For the conditional distribution in
(B.12), we have that:

FBI) = L7 bu1 (T Bl kg, Zav)) (B.13)

where ¢, 11(-|p, 2) is the density function of a multivariate Gaussian. After some compu-
tations we have that f(8[v) = ¢n11(Blp(v), (7)) with mean vector p(y) = T'pyp, and

covariance matrix X(vy) = I''/2%, 4, T'/2. The marginal for B can be found as:

n

B)=> dn1(Blu(y=9), (v =s)) [ atv = s1), (B.14)

seS t=1

where S denotes the domain of v = (1,71,...,7,), and it is composed by all the possible
sequences of {0, 1} of length n, since the first element is fixed to be 1. The latter set has

cardinality |S| = 2". The distributional result concerning 3 is therefore proven.
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Now compute the marginal mean recall that E,(z) = E,(E,(z]y)). Hence E,(8) =

E,(Tpym)) = Bgrytqp)- The marginal variance-covariance matrix is then computed as

Var,(8) = E(38) — E(B)E(8)' where

E(ﬂﬁ') = ]E(Fb(Fb)') = ]E(l"bbT) = ]E(’)"y' ® bb') = E('y’)”) ® E(bb’)
= (“q(v)”;(v) W) © (Mq<bw2<b> + b)) (B.15)

where Wuq .

in the formula for Var,(B) and recall the analytical form of the mean E(8). After some

is a diagonal matrix with elements (1, {/tq(y,) (1 — g(ro)) }iz1)- Plug-in the latter

simplification we end up with X, = (uq(ﬂ/)u;m + WH(M)) O Xgw) + Wy, © Mq(b)u;(b),

which concludes the proof. O
Proposition B.5. Let € = € ® € with components [€%]; = (y; — B,xt_1)?. Assuming a
Gaussian Markov Random Field (GMRF) approzimation ¢*(h) = Nn+1(uq(h),9;(2)), with

mean vector g,y and variance-covariance matriz gy = Q;(}w an iterative algorithm can

be set as:
-1
new 2 old old
Zq(h) - [vﬂq(h)’ﬂ/q(h)s<l"l’q(h)7 2q(h))] <B16)
new __ ,,old new old old
Frg(n) = Hq(n) + zJq(h)v#«q(h)S("”q(h)? Eq(h))' (B.17)
where
° 0 Ly 1 _pyold 4 y20ld /9 o
V“q(h)S(“ql((fit)’ qu(?lz)) = 5T §Eq(€2) ® e Haty Foalif 12 — #q(l/yQ)Qlquéi), (B.18)
and
2 old old 1. 2 —pold fg2old /o
v“q(h)aﬂq(h)s(“Q(h)’ X)) = —§D|ag(Eq(e ) © e FamTTah T — g ) Q, (B.19)

denote the first and second derivative of S(pypy, Xqn)) with respect to p, ) and evaluated

at (ko) D). and o,y = diag(Sem).

Proof. The updating scheme follows the algorithm provided in Rohde and Wand (2016) for

Gaussian variational approximations. The function S is called non-entropy function and it
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is given by S(pty(), Xg(n)) = Eq(logp(y, 9)):

n _ 0_2 2
S(“‘I(h)’ E‘l(h)) = =5 Hein) — §E;(€2)e Hq(n) TGy / (B 20)

= Shat) (Hagn Qtgy + 1 {ZawQ}) »
where €2 = € © e with components [e?]; = (y; — Byx;)?, and o2, = diag(Zy()). Then, the
first derivative with respect to the variational mean vector p , is given by

ln

Vg S (Bgnys ) = —— +

1 _
2 §]Eq(€2) @ e MQ(h)+ag(h)/2 —_— /‘Lq(l/Vz)Ql“l’q(h)' (B21)

Moreover, derive qu(h)S(uq(h), 34n) again with respect to p, )

1 . — o? 2
viq(h)’“q(h)S(MQ(h)’ Sqm) = _§D|ag<Eq(€2) © e M Tam/ ) — Hq(1/02) Q- (B.22)

]

Remark B.1. Under the multivariate Gaussian approxzimation of q(h) with mean vector
Hqny and covariance matriz Xyy), the optimal density of the vector o? = exp{h}, namely

q*(a?), is a multivariate log-normal distribution such that:

Eqlo ] = eXP{Mq(ht) + 1/202(ht)}7 (B.23)

E,[1/07] = exp{—pqyn) + 1/203(,”)}, (B.24)

Var,[o7] = exp{241q(n) + T4 Hexp{ogu,) b — 1), (B.25)
]

COVq [Ut ) gt—i—l eXp{MQ(ht t Hg(hesr) T 1/2( + O-q(htJrl))}(eXp{COVq [htv ht—l-l]} - 1)'

Proposition B.6. The optimal variational density for the homoskedastic variance o® is an

inverse-gamma q*(0?) = 1G(Ayp2), Byo2)) where:

n 1
Aq(O'Q) = Ao‘ —+ E, Bq(UQ) = Bo‘ + EEq [8/8] s <B26)
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where:

B e'e] = yy—2<zxguq<r uq(b)wztr{( o St b X2

7j=1

+Zl~‘q M) X Z Xity(r,) Hg(by)-
k=1,kAj

Proof. The full conditional distribution of o2 given the rest p(c?|rest) is derived in Eq.(A.1).

Thus, the optimal variational density is given by:

log ¢*(0?) o< E_,2[log p(c?|rest)]

1 1 (B.27)
—(Ay + = +1)loga — =3B, +=E_,2[¢¢]
2 o? 2
where:
P ! P p !
E_o2[ee] =E (y - le“jb]) (Y - le“jbj)] =Yy -2 (Z E_. [le“jbj]> y
j=1 j=1 j=1
p p
+ Y E_p DT XX;Tb; + b0 X; ) XkI‘kbk]
j=1 k=1,k#j
p ! P
=Yy -2 (Z Xa‘“qwnl‘q(bj)) y+ Z tr {Ebj [bb5] g X5 }
+ Z Mq ) Haq(r; X Z Xk”q ) Hg(by)
k=1,k#j
=y'y -2 (Z X jBq(r;)Bqb, ) y+ Ztr { <'UCI(b “q by) T (b )> “q(Fj)X?}
7j=1
- Z qu ) Ha(r; X Z Xkl’l’q D) Fq(by)-
k=1,k#j
Equation B.27 represents the kernel of a Inverse-Gamma distribution as in B.6. O]

Proposition B.7. The optimal variational density for the zj parameters is a Polya-Gamma
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q*(zjt) = PG(1, MQ(wf-t)) and define

1 Fa(w2,)
Ha(ze) = Bq [2] = Wtﬁmh (Tﬁ) (B.28)
AC

Proof. The full conditional distribution of zj given the rest is proportional to Eq.(A.5).
Then the optimal variational density is such that

DN | —

log " (%j1) —Zjtltg?,) + log p(2;1). (B.29)

Equation B.29 represents the kernel of a Polya-Gamma distribution as in B.7. O]

Proposition B.8. The optimal variational density for the wvariance parameter n]2- s an

inverse-gamma, distribution q*(17) = IG(Aq(n]z), Bq(n?))f where:

n—+1

1
Ayt T By = Byt g (M) Qugey 1 {B0,)Q)) - (B30)

Aq(

n)

Proof. The full conditional distribution of 7 given the rest p(n;|rest) is described in Eq.(A.6).

Then, the optimal variational density is given by:

log 4" (1) o E_,z[log p(n;|rest)]

x _n—2|— ! logn? - 2L77J2,]E—77§ [b2Qb;] — (4, +1) lognjz« — %27’
n 5 1 1/,
T (5 At 1) logn; =5 (B” "2 (“’q(b»Qﬂq(bj) +r {2q<bj>Q})) '
’ (B.31)
Equation B.31 represents the kernel of an Inverse-Gaussian distribution as in B.8. O

Proposition B.9. The optimal variational density for the variance parameter 5? s an

inverse-gamma distribution q* (532) = IG(Aq(ﬁjz_), Bq(gjz_)), where:

n+1

1
Awey = Ac+ 751 Byey = Bet 5 (Miw) Qg+ {S0)Q}) . (B32)

Proof. The full conditional distribution of £} given the rest p(¢}|rest) is described in Eq.(A.7).
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Thus, the optimal variational density is given by:

log ¢" (&) o< E_g2[log p(&] |rest)]

+1 1 B¢
”2 log & — 252E e [wWjQu;] — (A¢ + 1) log&F — e (B.33)

n 1 1
_(5 + A5 + 1) log 532 - 5_2 <B£ + 5 (llz/q(wj)Qllzq(w].) + tr {Eq(wJ)Q})> .
J

Equation B.33 represents the kernel of an Inverse-Gaussian distribution as in B.9. O

Proposition B.10. The optimal variational density for the variance parameter v* is an

inverse-gamma distribution ¢*(v*) = IG(Ay2), By2)), where:

n+1
2 )

1
Agr) = Ay + By = Bu+ 5 (ko Qutgm) + tr {Zam Q) - (B.34)

Proof. The full conditional distribution of 1% given the rest p(v?|rest) is described in Eq.(A.8).

Thus, the optimal variational density is given by:

log ¢*(v?) o< E_,2[log p(v?|rest)]
n+1 1 B,

log? — —E_,2 [WQh] — (4, + 1) log * — = (B.35)

2 2u V2

1 1
x — (g + A+ >logv - (B + 5 (B Qerq +”{Eq(h)Q})) ‘

XX —

Equation B.35 represents the kernel of an Inverse-Gaussian distribution as in B.10. O]

B.1 Smoothing the sparsity dynamics

Proposition B.11. A smooth estimate for the trajectory of the inclusion probabilities can
be achicved assuming q(v;) = [, q(v;e) such that q(v;) = Bern(expit(wif;)) with con-
straints on the mean. Therefore, the expectation of the joint vector v; = (Y1, ..., V)" s
equal to E;j('yj) = W1, where W is a n x k B-spline basis matriz. The optimal value
of f; is the solution of the optimization problem /f = argmaxg cpr Y(f;) where ¥(f;) =
Sy [(Wary) — Wikj)expit(wif;) + log(1 + exp(wif;))], such that the gradient is equal to
Vieh(£) = 3200, WilWy(ye) — ng)%'

Proof. To find the best ¢ that approximates ¢, minimize the Kullback-Leibler divergence
ICL(q || ¢). This corresponds to maximize Eg{logq] — Eg{logq] over the parameters of the
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approximating density ¢. In our case we obtain:

F = argmax U(f) = ang max {Elloga(,)] ~ Eqllog 707}

fcRk

= argmax » _ {Ellog g(7;1)] — Eqflog 4(v;)]}
t=1
and define ¢y (f) = Ez[log q(v;1)] — Egllog q(;¢)]. The first term is equal to:

Egllog q(7je)] = Eg[VeWq(y;0)] = War,expit(wif),

while the second one can be written as:

Ellog q(v;e)] = Eglyjewif — log(1 + exp(w;f))]
= w,fexpit(w;f) — log(1 + exp(w;f)).

Group together and obtain:
Go() = (atry0) — WiE)expit (wiE) + log(1 + exp(w)f)).

which defines the ¢ component of the loss function in the Proposition. Now derive ¢ (f) with

respect to f:

Ve (f) = Z afwt

Compute the latter and get:

expit(w;f)

—_— it(wif
1 + exp(w;f)  wiexpit(wif)

ﬁ@zjt(f) = —wexpit(w;f) + Wi (Wa(ry0) — w,f)
expit(w;f)

= Wt(w(I(“/jt) - WI/f )1 + eXp(W£f>7

which completes the proof. O]
Alternative smoothing assumptions. Figure B.1 depicts the form of W when B-spline

and Daubechies wavelets are used. The form of W in case of B-spline basis functions (top)

and wavelet basis functions (bottom). Right panels correspond to columns of the matrix
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W. The B-spline basis functions is a sequence of piecewise polynomial functions of a given
degree, in this case dg = 3. The locations of the pieces are determined by the knots, here
we assume kn = 20 equally spaced knots. The functions that compose the wavelet basis
matrix W are constructed over equally spaced grids on [0, n] of length R, where R is called
resolution and it is equal to 2/, where [ defines the level, and as a result the degree of
smoothness. The number of functions at level [ is then equal to R and they are defined as

dilatation and/or shift of a more general mother function.

301 i_é”’ 301 -“ﬁ ---------
281 ' || 281
261 - 261 -
L
241 . 241 Z .
221 . 221- -
201 ! i i 201- - H
e i i Va|u1eoo e . -~ E Value
o | : . i 3
v - B - N
e E i E 0.25 1 i -1
21 j : 000 121 - E -
101- E ! 101- . | | i
o B |
61 i 61- -
" N -
- -~
21 || ! 21- .
R ... - WS T |
(a) B-spline basis with kn = 20 and dg = 3 (b) Daubechies wavelet basis matrix

Figure B.1: Smoothing time-varying parameters. The columns of the matrix W in case of B-spline
basis functions (left panel) or wavelet basis functions (right panel).

C Proofs of the theoretical properties

Before discussing the theoretical properties of our algorithmic procedure, we need to provide

definitions and lemmas which are instrumental for the proof.

Definition C.1. A is a Z-matriz if its off-diagonal elements satisfy a; ; <0, for i # j.

Definition C.2. A is a strictly diagonally dominant (SDD) matriz if, for each i row of A,
>3z laigl.

|ai,i

Corollary C.1. If a matriz A is SDD and all its diagonal elements a;; are positive, then

the real parts of its eigenvalues are positive.
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Definition C.3. A matriz A is said to be an M-matrix if it is a strictly diagonally dominant

Z-matriz and all its diagonal elements a;; are positive.

Corollary C.2. If a matrix A is an M-matriz, then it belongs to inverse-positive matrices,

i.e all elements of the inverse are positive [A™'];; >0, for all (i,7).
Lemma C.1. The matriz Q™' is a positive matriz, i.e [Q™'];; > 0.

Proof. Follows from the tridiagonal form of Q with ¢;1 =1+ 1/ko, and ky < +o0. O

Lemma C.2. The matriz Xy, is a positive matriz, i.e [Xqw,)li; > 0.

Proof. Recall that

-1

Sy = W = <D|ag (0, By [23]) + 1y 1/§2)Q) , (C.1)

is tridiagonal, where E, [z;;] > 0 and p, se2) > 0. Notice that W has off-diagonal elements
equal to —p, /e3) < 0 in the first sub/over-diagonal and 0 elsewhere and therefore it is a

Z-matrix. Moreover, w;; > 0 for all ¢ and:

~—~
Q
N\

~—

wi = (14 ko tg/e) > tase) = wrl
wee = 2014072 T By [231] > 2p00/e2) = W] + [wigal, £=2,....n
Wnt1,n+1 = Mg(1/e2) T Eq [2jn] > Hq(1/€3) = | was 1,1,

thus W is SDD with positive diagonal elements. Hence, by definition C.3 is an M-matrix

and corollary C.2 tells us that its inverse is a positive matrix. O

Proposition C.1. Assume that the maximum over time of the inclusion probabilities, for
a given variable j, at the i-th iteration of the algorithm is such that max,cqi,.. n) u;i()wt) =e,

and € <K 1 is small enough. Moreover, let E(() i E(Z( 1) > 0, then:

i+1 i+1 i+1 —
L ,u(( )) = expit {M((w z)) “51(1/2—,5) Tpah (1(/77 ))Qtt + O(‘f)}; g = [Q 7w > 0;
Méz(:jt —1/23 70 su 4+ O(€), stk = [Bgplen > 0;
3. ,u(z(ﬂ)) ,u(() decreases after each iteration.
Proof. We start proving 1). Consider the update for /JL‘(;(:"Y_jlt)):
141 . i+1) i+1) i i+1 3
'ul(l(:jt)) = expit {/“Lé(: —1/2p ( + o2) (Eg H)[b?t] - 2N((+ )%t—lEé +1)[5jt]) } : (C.5)
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Notice that the vector for all times ufﬂ:; has the following formula:

. -1 . .
(+1) _ ( (+1) 2(i) (4) (i+1) {G),, 6 +1)
Paw,) = (“ 1/02><D ) Hy1 2 )Q) Ho o2 D) Moz (C.6)

where ]5 = Diag((O Hq(r)) © (0,%;)) and ]53] = Diag((0, py(,)) © (0,x; ® x;)). Notice we
q(v )) = oue, with 0 < oy < 1. Now define a the collection of the oy, and
A, = Diag((0, ) ® (0,x;)) and A2 = Diag((0, @) ® (0,%x; ® x;)), such that Eq.C.6 can be

written as

can erte each u

. . —1 .
(i+1) (i4+1) 2(i (3) (i+1) (@) ,,(i+1)
Fow,) = (“ (1/a2>(€A )+ “qu/nf-)Q) Fa(1/o2) EA%; Ho(e_y) (C.7)
and
“(H—l)
lim—*) <00 = ui0 D = 0(e). (C.8)
e—0 €

Consider now the variance matrix E(%;l;:
J

. —1
G+1) [ (41 2 (@) _
Xby) = (“q<1/02>< Ay ( )+ “q<1/nJ)Q> = 1), (C.9)
as a scalar to matrix function f with
. —1 . ) -1
v D) () () (+1) (A 200) (i+1) 2() @)
file)= (“qu/af)( ASY) +n (1/n§>Q> (“q<1/a?>(Avj >> (“qa/m( A7)+ <1/n§>Q> :

Using Taylor expansion in € = (0 we obtain:

i . —1 . . —1
(i+1) _ (i) (i+1) (A 200) (i)
oy = < Fo1/m? )Q> Te (“q(l/v@)Q) (“qu/a?)(Aw )> (“q<1/n§>Q) AR

, , -1
and therefore each diagonal element is 03((25) = [M;Z()l /n?)] ¢t + O(e€) and it follows that
, A _ -1
i+ 21 — (G2 20+1) _ |, ()
E{ VB3] = (1) + oson) = 1| 0+ 0(0). (C.10)

Put together (C.8) and (C.10) completes the proof. Similarly we prove 2). Recall the

function to jointly update ,u( (H))

“(i+1) _ E(iJrl) (O “(7' _ 1/2L ) , (Cll)

q(wj) q(wy) q(v;)
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then the update of the t-th component is:
i+1
o) = (0 ) — 120, )

. !/
= —1/2s; (0, L;)/ + s} <0, Né(&))

n n
T LTS c1
k=1 k=1
where s; denotes the t-th column in »iF ( . Notice that, since u( ()7 S 6 for all k, we can
write /L((]()v ) = QK€ where 0 < o, < 1. If we plug—m the latter in Eq.C.12 we get
i = 1/2Zstk+62akstk— —1/225tk+0 (C.13)
To prove the last statement 3), assume that we observe Efj — Eflz(w positive matrix. Then

we have that, for e small:

. 1 .
) =28 (0,0) > %

i—1
‘Z(Wj)| ) Q(wj)< »On E;(wj)) (0, ¢y, ) ’l"q(w )| (C.14)

1
2
and therefore:
i (4) (4) (i=1),, (i (i=1) i—
B (@) = iy (B + Sy = By () + Syl = Bf D (wjw)),  (C15)

which means that E{ (wjw]) — Egi_l)(ij;) is a positive matrix. Consider now the update

for the variable 2

i 1 1 q Jt i—
Eé) [th] = §T tanh(T) < ]Ez(] 1 [th] , (016)
Eq’ (wf,)

gt
since it is decreasing in ]E((Ii) (wjz-t), for all t. And similarly for 5]2

o Ag + "
Po(iye2y = ‘

(-1
S Hoq/e2y: (C.17)

since it is decreasing in E{) (wjw’) and E{) (wjw]) — Eff_l)(ij;-) is a positive matrix. The

58



next update of 3y, is equal to:

-1

which increases as both E((f ;] and ,u decreases. Hence also E;Z(:]l)) — E((;()wj) is a positive

1/52
matrix and therefore, for € small:

(i+1 %
> L (C.19)
and from statement 2) we have that qz(zl)) < p, . Set 1 =1+ 1 and repeat the procedure
from Eq.C.14. We can see that Mg,y decreases after each iteration until convergence. [

C.1 Additional convergence results

In this section we report the variational update over iterations until convergence of two key
parameters to model the dynamics of sparsity, namely the auxiliary process wj; and the
resulting posterior inclusion probability P(vy;; = 1). Figure 2(a) reports the convergence of
the algorithm updates for the posterior inclusion probability ji4(,,,), for some times ¢ and for
a parameter j which is always zero Vt. This corresponds to (3 in the simulation example of
Section 3.1. The true update (solid black line) is compared to the approximation described
in Proposition 2.7 (red-dashed line). The vertical dashed line identifies the iteration at which
the conditions of Proposition 2.7 are satisfied for ¢ = 0.01. Notice that the approximation is
exact after the dashed line and the value of ji4(,,,) is exactly equal to zero, meaning that we
induce sparsity in the posterior estimates as highlighted in Equation 19 in the main text.
Similarly, Figure 2(b) shows that the approximating variational update for ji(,,,) as from
Proposition 2.7 quickly converge to the true update with convergence that is reached after
less than 30 iterations for ¢ = 0.01. The convergence of the updates translate in a rapid
convergence of the posterior estimates to the actual sparsity dynamics. Figure C.3 reports
the posterior estimates of f(-,,) (left panel) and p,(,,,) (right panel) across t = 1,...,n and
for a parameter j which is significant for only part of the sample. This corresponds to (o
in the simulation example of Section 3.1. The value of the update is given by the color
intensity. After less than 30 iterations the posterior estimates of w;; and v;; quickly converge
to their true values. This threshold corresponds to the iteration at which the conditions of
Proposition 2.7 are satisfied for e = 0.01. In this respect, Figure C.3 complements Figure 2

in showing the oracle properties of our variational Bayes inference approach.
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Figure C.2: Variational update over iterations until convergence of the posterior inclusion proba-
bility fi(y,,) (left panel) and the auxiliary parameter Bq(w;e) (right panel), for some times ¢ and for
a parameter j which is always zero Vt.

D Additional simulation results

D.1 Comparison with MCMC

In this section we report additional details on the simulation study with respect to the
comparison between our variational Bayes inference approach and an MCMC equivalent.
In particular, we report the accuracy of ¢* (bj;) and ¢* (y;:) in approximating p (b;|y) and

p (yely) for 7 =1,2,3, across simulations.

D.2 Comparison with existing variable selection methods

In this section we report additional details on the simulation setting implemented to compare
our BG model vs existing variable selection methods, as well as additional simulation results
for the intermediate dimension case with p = 100 predictors. Figure D.5 reports examples of
trajectories for the time-varying intercept which is always included fy;, a dynamic coefficient

Ba2:3+ with a single switch from v;; = 0 to v+ = 1, a more complex pattern SB45,; with two
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Figure C.3: Left panel shows the variational update over iterations (x-axis) until convergence of
the vector of posterior inclusion probabilities (/‘q(wl)v e ,uq(,yjn)) (y-axis), for a parameter j which
is always zero Vt. The value of the update is given by the color intensity. The right panel depicts
the behaviour of 14 Vt.

wjt)>
switches from ~y;; = 0 to ;; = 1 and vice-versa, and a short-lived regression coefficient Sg.7 ¢
which is significant only for a short fraction of the sample.

Figure D.6 reports the Fl-score for §;; with j =1,2,3,4,5,6,7 and ¢t = 1,...,200 when
p = 100. A full description of the model set used for comparison against out dynamic
BG model is in Section 3.2 in the main text. Similarly to the main simulation results, the
performance of static variable selection models quickly deteriorates as the pattern of variable
significance becomes more complex. For instance, for a parameter with multiple episodes
of being “active” in the set of predictors the median accuracy of leading variable selection
methods such as the rolling-window estimates of the spike-and-slab SSVS and the EM spike-
and-slab EMVS of Rockova and George (2018) is around 50%. This compares to a more solid
75% on average for alternative dynamic variable selection methods such DVS from Koop
and Korobilis (2020) and DSS from Rockova and McAlinn (2021). More importantly, the
performance of our dynamic BG specification remains quite stable across specifications, with

a clear edge in terms of signal identification of the homoschedastic version BGH and the BG
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Figure D.5: Example of single simulated trajectories for 8 with j =1,2,4,6 and t = 1,...,200.
See description in the main text for how different coefficient dynamics are generated.

with smoothed inclusion probabilities BGS.

Figure D.7 reports the point accuracy as measured by the mean-squared error (MSE).

The latter represents the squared distance between the true parameters B, t = 1,...,n

observed at each simulation and its corresponding posterior estimate Bjt. The results for

p = 100 broadly confirms what we have observed in the main text (see Section 3.2). That is,

our dynamic BG framework outperforms both static and dynamic sparsity inducing priors,

especially within the context of complex dynamics such as 2.3+ and B4.5;.

D.3 Correlated predictors and computational speed

In this Section, we are going to investigate the robustness of our dynamic variable selection

strategy with respect to different correlation assumptions on the predictors. The setting
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Figure D.6: Fl-score for B;; with j =1,2,3,4,5,6,7 and t =1,...,200 when p = 100.

is the same as the one outlined in Section 3.2, with the difference that we now consider
for the zj;, j = 1,...,7 — meaning those predictors that carry a signal, either continuous
or intermittent — different auto-correlation (left panel) or cross-correlation (right panel) as-
sumptions. Specifically, we consider from 0.5 to 0.9 auto-correlation and from low to high
cross-sectional correlations. The latter is based on modifying the Cholesky decomposition
of a multivariate Gaussian distribution of z;, j=1,...,7.

Not surprisingly, the accuracy of the dynamic variable selection deteriorates as the cross-
sectional correlation among predictors increases. For instance, Figure 8(b) shows that for
the pattern in which a predictor switches from zero to be significant only once, the median
Fl-score goes from essentially one to 0.8/0.9, on average across methods. The deterioration
in the performance in more pronounced for short-lived signals. For instance, for the pattern
in which a predictor becomes significant only for a short period of time (bottom panels), the

median Fl-score decreases from 0.8 for the low-correlation case, on average across methods,
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Figure D.7: MSE for ;; with j =1,2,3,4,5,6,7 and t = 1,...,200 when p = 100.

to 0.6 for the high-correlation case.

On the other hand, Figure 8(a) shows that our dynamic variable selection is quite robust
to autocorrelation in the predictors. For instance, the median F1-score remains quite intact
for a 0.5 vs 0.9 autocorrelation in the one-switch pattern. This holds also for the short-lived
signal (bottom panels). However, for the multiple switches from significant to non-significant
and vice-versa, autocorrelation do plays a more relevant role, as highlighted in the middle
panels. Nevertheless, Figures 8(b)-8(a) shows that with the exception of extremely high level
of autocorrelation and cross-sectional correlation, our dynamic variable selection method is

reasonably robust.

The last additional simulation result concerns a comparison in terms of computational
efficiency between our variational Bayes strategy and existing dynamic variable selection
methods for large-scale regressions. To evaluate computational costs across methods, we

track the running time in seconds of each algorithm. Figure D.9 highlights two main con-
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Figure D.8: Fl-score for the different patterns and different assumptions on auto-correlation (left
panel) and cross-correlation (right panel) for the predictors xj, j = 1,...,7 in the simulation
exercise as outlined in Section 3.2.

clusions. First of all, the DSS is the slowest algorithm, regardless to the dimension of the
parameter p. Instead, when p = 50, the DVS is faster that BG, but when we move towards
higher dimensions the situation changes. Secondly, and perhaps more interesting, our algo-
rithm scales linearly rather than exponentially as the model size p increases. This is a direct

consequence of the embedded dimension reduction property as highlighted in Section 2.2.

E Additional empirical results

In this Section we are going to discuss some of the additional empirical results which have
not been included in the main text for the sake of brevity. We separate the additional results

between the inflation forecasting and the stock returns predictability applications.

In-sample estimates. The left panel of Figure E.10 reports the reports the time-varying
posterior inclusion probabilities and posterior regression coefficients estimates fi4g,,) from
our dynamic BG model for the core CPI (CPILFESL). Two comments are in order. First,

the results show that as far as core CPI is concerned, only lagged prices and real consumption
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Figure D.9: Computational efficiency of the algorithms computed as running time in second,

varying the dimension p.

expenditures (PCECC96) actually carry significant explanatory power above and beyond the

conditional mean. Second, our dynamic BG model is able to capture short-lived predictors

with a meaningful economic significance. This is the case of PCECC96 towards the end of

2020, which highlight the importance of demand pressure via fiscal stimulus on inflation.
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Figure E.10: Time-varying coefficients estimates Hq(p;,) and posterior inclusion probabilities for
core CPI (CPILFESL) and GDP deflator (GDPCTPI).
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The right panel of Figure E.10 reports the dynamics of the predictors when the tar-
get variable is the one-quarter ahead GDP deflator (GDPCTPI). Again, our model is able
to capture short-lived predictors which contributed to the inflationary shock during the
Covid-19 crisis. For instance, increasing production of final products (IPFINAL) during late
2020 positively correlate with increasing inflation — as measured by GDPCTPI — towards
the 2021. Yet, lagged prices and monetary policy, as proxied by the 5-year treasury rate,
played a significant role until late 1990s/early 2000s. Interestingly, our dynamic BG model
picks UNRATETESTx — which measures the unemployment rate for less than 27 weeks of
unemployment — as significant predictor from the great financial crisis towards the end of
the sample. This evidence in favour of a time-varying Phillips curve, whereby the inverse
relationship between unemployment and inflation is corroborated by the data only during
specific time periods.

Figure E.11 reports the sum of absolute values of the variational mean of the active regres-
sion coefficients, i.e., Z§:1 | Ha(5; .|, which proxies the strength of the information available to
predict inflation. The information from the predictors clearly change over time, decreasing
in the middle part of the sample, from the 90s to early 2000. In addition, a stronger signal
from the predictors correlates with higher idiosyncratic volatility (dashed-red line); that is,
a richer model is needed to predict inflation at times of higher uncertainty as proxied by the

volatility in the residuals.

Out-of-sample forecasting. In this Section, we compare the performance of different

forecasting models based on the relative mean absoluted error (RMAE) calculated as RM AE; =

Z?ZT ’eiﬂf’ - Z?:T ’ebench,t

|€i.t]; |ebench,¢| the absolute value of the forecast errors from a competing model and a bench-

, where 7 denotes the beginning of the out-of-sample period, and

mark specification. Figure 12(a) reports the results for inflation forecasting in which the
benchmark is the UC model of Stock and Watson (2007). Consistent with the main empiri-
cal results in Section 4.1, our model outperforms all competing static and dynamic variable
selection methods across forecasting horizons and inflation measures.

Figure 12(b) reports the results for the aggregate returns on the stock market. Consistent
with the main empirical results in Section 4.2, we consider a naive forecast from the recursive
sample mean as a benchmark (see, e.g., Campbell and Thompson, 2008; Welch and Goyal,
2008). The results confirm that our dynamic BG model outperforms most of the competing

static and dynamic variable selection approaches.
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Figure E.11: Signal (blue) computed as E§:1 ‘luq(ﬁjt)” for t = 1,...,n, against the posterior
estimates of stochastic volatility exp (h;/2), for t = 1,...,n (dashed-red).
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Figure E.12: Relative mean absolute error with respect to the benchmark. Left panel reports the
results for inflation forecasting whereby the benchmark is the unobserved component benchmark
UC. The sample period is from 1967Q3 to 2022Q3. The first prediction is generated in 1997Q3.
Right panel reports the results for forecasting the excess returns on the stock market. The sample
period is from 1971M11 to 2021M12. The first prediction is generated in 1991MO1.
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