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Abstract

We reconsider the well-established paradigm of a rational individual’s choice of a consump-
tion schedule, building on the idea that human beings devote resources to withstand their desire
for immediate consumption, i.e to become more patient, thereby making less remote the plea-
sure derived from deferred consumption. We construct an infinite-horizon model of a small
open economy, in which individuals can accumulate a stock of personal capital that reduces
the discount on future consumption. Personal capital captures the effect of a consumer’s past
experience and choices on his future utilities. Our main results are: i) when individuals are het-
erogenous with respect to ability to become patient all individuals exhibit the same rate of time
preference in the long run; ii) effort is rewarded in the long run to the extent that individuals
who need to make more effort to become patient are wealthier and enjoy a higher level of utility
in the steady state. The latter result stems from the complementarity between personal capital
and deferred consumption.

JEL Classification numbers: E13

Keywords: Neoclassical general aggregative models

4 ECB «Working Paper No 21| « January 2003



Non-technical summary

The habit of distinctly realizing the future and providing for it, writes Marshall in his
Principles of Economics, has developed itself slowly and fitfully in the course of man’s
history. In economic models, this habit is usually captured by a time preference parameter —
the rate of time preference, which relates the utility of future consumption stream to current
utility. Most of the time, economic modelling considers this habit as an exogenous, time-
independent characteristic of consumers in clear contrast with Marshall’s statement.
However, individuals devote a lot of effort, especially through education and training

activities enhancing self-control, to withstand their desire for immediate consumption.

Our modelling strategy is based on an assumption that individuals can build up a stock of
personal capital, which is oriented towards the future and affects their future discount rates.
Personal capital includes past experience, training, education and habits that make individual
less impatient, and is costly to accumulate. Good habits are usually costly to accumulate. It
would be all the more true were we to reinterpret our model of infinitely-lived individuals in
an intergenerational context. Parents for example devote a lot of time and effort to teach
children to resist their desire for immediate consumption of sweets or to consider the
consequences of their acts on their future well-being. All these efforts aim at increasing
children’s ability to take account of the future, thereby decreasing their rate of time

preference.

In growth theory, there is a link between the rate of time preference and the steady state and
equilibrium dynamics of the economy. More patient individuals, for example, are predicted to
save more and to enjoy a higher level of welfare in the long run. How does endogenous
discount factors affect the economic equilibrium? In a small open economy, we consider
individuals who differ with respect to their innate ability to reduce their discount rate.
Individuals are innately more patient if they are endowed with a higher ability to reduce their
discount rate. Since the interest rate is given, individuals’ rates of time preference adjust to
the interest rate. Provided that the steady state is interior for all individuals, all individuals
therefore have the same rate of time preference in the long run, equal to the rate of interest.
Interestingly, the model show that individuals who are innately more patient have a lower
level of wealth and utility in the long run. The latter result stems from the complementarity

between personal capital and future consumption.
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“The habit of distinctly realizing the future and providing for it has developed itself

slowly and fitfully in the course of man’s history.” Marshall (1920)

1 Introduction

We reconsider the well-established paradigm of a rational individual’s choice of a con-
sumption schedule, building on the idea that human beings devote resources to withstand
their desire for immediate consumption and thereby make less remote the pleasure derived

from deferred consumption.

Economic theory has long been concerned with explaining why nations or individuals
accumulate wealth!. Thriftiness has been associated with wealth and even considered
as a moral virtue conducive to economic growth and enhanced welfare. Marshall (1920)
believes, as indicated by the excerpt, that human societies have evolved towards more
prospectiveness and better faculty to realise the future. Fisher (1930) also postulates a
positive relationship between wealth and patience at the level of both individuals and
nations. Interestingly, he points out the existence of a relationship between preferences,
thriftiness or improvidence, and the price of deferred consumption, the rate of interest.
Although Fisher has the opinion that certain population groups are more impatient than
others and that low income or low social status are associated with improvidence, he
believes that the causes leading to improvidence can be influenced through training in
self-control, habit formation, better health care and education and incentives for taking

better care of children.

Which conclusions can we draw from Marshall’s and Fisher’s insights? First, thriftiness
or improvidence, patience or impatience, are characteristics of certain social groups or of
certain societies. Second, these characteristics appear to evolve over time. If we refer to

these characteristics as preferences, we come to the conclusion that preferences are not

IFor an extensive survey on the motives for saving and major economists’ views of patience, we refer
the reader to Warneryd (1993).

6 ECB «Working Paper No 21| « January 2003



given for ever, which may come as no surprise, but casts doubt on the validity of certain
results one can draw from models of economic growth based on exogenous rates of time
preference. In fact, the relationship between savings and patience has been investigated
at the very early stages of growth theory, and we find in Ramsey’s (1928) celebrated paper
some support for our concern. Ramsey examines the behaviour of an economy consisting
of households endowed with different rates of time preference, and conjectures that in
the long run the most patient household will own the whole wealth of the economy. He
argues? that “equilibrium would be attained by a division of society into two classes, the
thrifty enjoying bliss and the improvident at the subsistence level”. This extreme result
blurs the conclusion one can draw from models of infinitely-lived representative agents.
The assumption that the consumer’s side of the economy discounts future utilities from
consumption at a given constant rate may be problematic. The conclusions of the infinite
horizon model are clearly not robust to the introduction of heterogeneity with respect
to rates of time preference, unless one is ready to admit the long run division of society
into two (not three) social classes. In addition, the small open economy version of infinite
horizon models requires that the rate of time preference equals the world rate of interest;
otherwise the economy would accumulate or run down wealth forever (see Blanchard and

Fischer 1989, note 32, page 85).

Another research avenue assumes that the rate at which future utility is discounted
depends upon the utility levels of present and future consumption and thereby endogenises
the rate of time preference. This was first explored by Uzawa (1968); stability in the Uzawa
model requires that the rate of time preference increases with consumption, an assumption
that stands in contradiction with conventional wisdom according to which the rich are
more likely to be patient. Lucas and Stokey (1984) and Epstein (1987) assume recursive

(non additive) preferences; with such a specification, the rate of time preference varies

2This conjecture has been proved by Becker (1980) in a dynamic general equilibrium model in which
consumers differ with respect to rates of time preference. See Vidal (1996, 2000) for applications to the
case of intergenerational altruism.
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with the consumption path where it is evaluated. They find that individuals who are more
patient (in some sense) are wealthier in the steady state, in line with economic intuition.
Here we follow a different approach and focus on the human capacity to make effort to
increase prospectiveness and to enhance self-control. A neglected research direction for
growth theorists, already mentioned by, among others, Fisher, is indeed that individuals or
societies devote effort and resources to overcome their desire for immediate consumption.
This approach® has been recently revived by Becker and Mulligan (1997). Our main
contribution here is to investigate this assumption in an infinite horizon model and to
characterise the long-run rate of time preference, the long-run distribution of wealth and

the dynamics, when individuals can devote resources to become more patient.

In this paper, we analyse the dynamics and steady state of a small open economy
consisting of a set of consumers who differ with respect to their ability in resisting the
desire for immediate consumption. A consumer’s rate of time preference is assumed to
depend on a stock of personal capital, which is costly to accumulate. Personal capital
includes personal experience (e.g., education, training, activities enhancing self-control,
etc...) that affects current and future utilities. Unlike the small open economy version
of infinite horizon models, there is no need to assume that the economy’s rate of time
preference equals the world rate of interest, since each consumer’s rate of time preference
adjusts to economic conditions. We give a sufficient condition under which consumers’
discount rates converge to a unique steady-state level. In the long run, all consumers
have the same equilibrium rate of time preference; the rich are neither more patient
nor more impatient than the poor. Morever, each consumer’s steady-state rate of time
preference equals the world rate of interest. These findings challenge models that assume

consumers differing with respect to exogenous rates of time preference.

3A closely related strand of literature deals with endogenous altruism, see Mulligan (1997) or Vidal
(1999). The approach in this paper clearly differs from the assumption that the rate of time preference
depends on the level of consumption, as in Chakrabarty (2001) for example.
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We then inquire into the relationship between consumption, wealth, welfare and innate
ability to become patient. Since all individuals are equally patient in the long run, our
model sheds a new light on the relationship between patience, savings and wealth. We
find that effort is rewarded in the long run; those who need to make more effort to
become patient and have thus been less gifted by Mother Nature are more likely to be
wealthier and to enjoy a higher level of welfare in the long run. This is mainly owing to
the complemetarity between personal capital and deferred consumption, whereby a higher

level of future-oriented personal capital triggers higher saving.

The rest of the paper is organised as follows. In section 2, we present the main
assumptions of the model and set up a consumer’s programme. Section 3 is devoted to
the existence of a solution to a consumer’s programme. In section 4, we examine the
dynamics of utility and write a consumer’s utility in a recursive way. The optimality
conditions are given in section 5. The steady state and dynamics of this economy are
analysed in section 6. We inquire into the relationship between ability to become patient
and steady-state utility in section 7. Section 8 contains our concluding remarks. Technical

details are given in the appendix.

2 The Economy

The economy consists of a set of infinitely-lived individuals indexed by ¢ € [I. Time
is discrete with t = ...,0,1,... . For simplicity we assume that there is no population
growth. The key assumption here is that consumers make efforts to become more patient;
a consumer’s discount rate is therefore the solution to a rational individual’s maximi-
sation programme. The economy is a small open economy that operates in a perfectly

competitive world. The world rate of interest is stationary at a level r > 0.
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2.1 Technology and prices

Production occurs according to a constant-returns-to-scale technology using two inputs,
capital, Ky, and labour, L;. The output produced at time ¢, Yy, is: Y; = F (K, L) =
L.f (k;), where k, = K,;/L, is the capital per efficiency unit of labour. Markets are

competitive so that production factors are paid their marginal product:
Tt = f/ (kt) -1 and Wy = f (kt> — ktf/ (kt)

where 7, is the rate of interest, w; the wage rate per efficiency unit of labour, and 7 € [0, 1]
the rate of depreciation of capital. Since the small open economy* allows unrestricted
lending and borrowing, its rate of interest is set equal to the world rate of interest: r, = r.

The wage rate per efficiency unit of labour is therefore constant and equal to w.
2.2 Consumers

Each consumer i is infinitely-lived; his preferences® (as from period ¢ = 0) are defined
over his consumption path (ci)tzo and are represented by the utility function:
. +w . .
Uy =Y Tiu(c}) (1)
t=0
where u (.) is the period-t felicity function and I'! a time discount factor that maps period-t
felicity from period-t consumption into period-0 utility.

Assumption 1. The felicity function u : Ry — IR, is continuous, twice continuously
differentiable on IR* , and satifies: u (0) = 0 and Ve > 0, u(c) > 0, v/ (c) > 0, v” (¢) < 0,
lim ' (¢) = +o0.

c—0

From now on, we omit the upperscript ¢ unless necessary. The period-t + 1 discount
factor depends on both the period-t discount factor and the period-t + 1 stock of personal
capital, z;,1 (on the concept of personal capital, see Becker 1996, chapter 1):

Ft—i—l =7 (Zt+1) Iy, T'h=1 (2)

4 Alternatively, one could assume that the production technology is linear: Y; = rK; + wL;, under the
additional restriction that the stock of capital is positive, K; > 0.
S5Preferences as defined here are given and also encompass the endogenous choice of time preference.
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where, without loss of generality, we normalise the initial discount factor, I'y = 1, and
7 (.) satisfies the following assumption:

Assumption 2. The function v : IR} — IR is twice continuously differentiable, and
satisfies: Vz > 0, v(2) > 0,7/ (2) > 0, 9" (2) < 0.

Personal capital includes experience that affects current and future utility. It is ori-
ented towards the future and reduces the discount rate one applies to future utility.
Training and education, efforts to resist current consumption and to save, such as adher-
ing to a well-tempered life-style, and all activities enhancing self-control bear implications
for both current and future utility through habit formation. Efforts are less costly when
they become an habit. In our model, for instance, a consumer’s efforts to resist his desire
for immediate consumption today reduce the cost of saving in the future by reducing his
future discount rates®.

In each period, the consumer is endowed with one unit of time. He supplies a fraction
l; € [0, 1] of his time endowment to the labour market and devotes the remainder, 1 — [,

to accumulating personal capital. The consumer’s wealth, x;, evolves according to:
1 = (1+7)z +wly — ¢y, 0 given (3)

The stock of personal capital falls over time owing to psychological depreciation of efforts
made in the past, whereby an habit is not acquired forever but requires protracted efforts,

and is assumed to evolve according to:
zii1=(1=8)z+g(1—1), =z given (4)

where § € )0, 1] is the rate of depreciation of personal capital. g maps time devoted to
accumulating personal capital into personal capital.
Assumption 3. The function g : [0,1] — IR% is twice continuously differentiable, and

satisfies: Yy >0, g(y) >0, ¢’ (y) >0, ¢" (y) <0, and g (0) = 0.

5Becker and Mulligan (1997) document the relationship between education, a factor influencing per-
sonal capital, and consumption growth.
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2.3 A consumer’s discounted wealth

A consumer’s discounted initial wealth, X, is the sum of his initial non-human wealth,

%o, and his human wealth which is the discounted sum of his future potential earnings’:

oo w w
Xo=mo+ Y, ——57 =T+ — 5
" " t=0 (1+r)t+1 " ®)

In each period, the period-t wealth discounted at ¢ = 0, X;, decreases; the dis-
counted values of consumption and time devoted to accumulating personal capital must
be substracted from the period-t discounted wealth to obtain the next period’s discounted
wealth:

X=X — 1+ e+ 1 -1)w), X, given (6)

Following Arrow and Kurz (1970) we write a consumer’s solvency constraint:
Vt, X >0 (7)

It says that, in each period, a consumer can reimburse his debt, —x;, with his future po-
tential earnings (see appendix 1). Since the sequence (X;),, is monotonic non-increasing,

the condition (7) is equivalent to:

lim X; >0 (8)

t—-+o00

2.4 A consumer’s program

We can now set up the maximisation program of a consumer. It is convenient to use
a consumer’s total wealth discounted at ¢ = 0 instead of current wealth. A consumer
maximises his utility (1) subject to (2), (4), (5), (6), l; € [0,1], and the non-negativity
constraints:

max Jio Tyu(c) (9)

(et 7lt)t20 t=0

"A consumer’s initial wealth is discounted at the beginning of period 0, i.e. before the current rate of
interest is paid.
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subject to:
zepr=(1=06)z+g(1—1)
X=X —(1+ T)_t_l (a+(1—=10)w)
i1 =7 (z41) I
¢ >0, X, >0,1 €[0,1]

The initial stocks are given: Xy > 0, z9 > 0, and 'y = 1.

(10)

3 Existence of solutions to a consumer’s maximisa-
tion program

A sequence (¢, ly, Xy, 2, T'y) is feasible if it satisfies the set of constraints (10). To prove
existence we proceed as follows. First, we show that the set of feasible sequences belongs
to a compact set with respect to the product topology; second, we show that the objective
function is continuous for this topology (see Becker and Boyd 1997).

Compactness. For any t > 0, every element of the sequences (¢;), (1), (X¢), (2), and

(T';) is bounded from above and from below. Indeed, we have (for any ¢t > 0):
0<, <1

0< X <X
0<c¢ <(1+7)" X, (seeexpression (6))

For z;, we have:

2 <z <%

where z, = (1 — 6)' zpand z, = (1 — 8)" (20 — g (1) /6)+¢g (1) /6. (z,) denotes the sequence
of stocks of personal capital in the absence of effort to accumulate personal capital, while
(Z;) denotes the sequence of stocks of personal capital in the case where a consumer devotes
his full time endowment to such effort. Since v (.) is continuous and non-decreasing, we
also have:

EtSFtSFt

where Iy} = Lyy (2¢41), Do = Ty (Ze41) , and Ty = Ty = 1.
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Hence the set of feasible sequences is closed and bounded, i.e. compact (with respect
to the product topology).

Continuity of the objective function. Since the felicity function, u (.), is continuous,
any finite sum ET: ['yu (¢;) is continuous. For continuity, it is sufficient that the infinite

=0
sum converges uniformly. Proposition 1 results from the following inequalities:

0 S Ftu (Ct) S Ftu ((1 + T)tJrl Xo)

+oo __
Proposition 1. If the infinite sum Y T'yu ((1 + 7“)”1 X()) converges, there exists a
=0

solution to the representative consumer’s mazimisation program.

Ezample. Consider the CES felicity function: u (c¢) = ¢*, 0 < a < 1. We have:

Tiu ((1 + T)t+2 Xo) - a
T ((1 + T)t‘H Xo) =75 Z) (147)

and

lim z;=g¢g(1)/6

t—-+o00

If v (g (1) /6) (1 +7)* < 1, there exists a solution to a consumer’s maximisation program.

4 The dynamics of utility

We prove that the objective function of a consumer can be equivalently rewritten as the
initial state of a dynamic equation of utility. Consider a sequence of consumption (¢;) and
a sequence of personal capital (z;) . Let us define the time discount factor as from period
to:

Fto,to =1 and Vt > t, Fto,t—i—l =7 (Zt+1) Fto,t

A consumer’s utility evaluated at date %, is given by:

+o0o
Z/{to :Z Fto’tu (Ct>

t=to
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The discount factors as from date 0, I'g; = Iy, satisfy I'g Iy, = It (for 0 < ¢ < 1).
Hence:

“+o0
Tolyy = Tou(ce) = Tyyu (cyy) + Tegralhig

t=to

The sequence of utility (), satisfies:
YVt >0, Uy =u(ey) + v (ze01) Upia (11)

This describes the dynamics of a consumer’s utility. His period-t utility is equal to the
sum of his period-t felicity derived from consumption and his next period’s discounted
utility.

Let us now consider the converse. Let (L{t>t>0 be a sequence of positive real numbers

that satisfies (11). Clearly, if we have:

T-1
Ftouto = Z Ftu (Ct) + FTZ/[T (12)

t=to

then by substituting Uy = u (cp) + v (2r41) Ur41 into (12) we obtain the same expression

at date T+ 1. Taking the limit of (12) as T" goes to infinity we get:

Ftouto :Z Ftu (Ct) + TEI-‘,]EIOO PTZ/{T

t=to

We therefore have the following proposition:
Proposition 2. A sequence of positive real numbers (Z:{t) - that satisfies: ¥t > 0,

t>

Us = u(c) +7 (2641) Upr, is a sequence of utility associated with the sequences (ct),~, and

(2t)4>0 if and only if:
lim Dpldp =0 (13)

T—+o0

Two remarks are here in order. First, this restriction is clearly necessary, since any
sequence (Us + b/T't), is a solution to (11) if ({4;),5 solves (11). Second, given the upper

bound T, defined in section 3, it is sufficient that the sequence (Zj{t)t>0 satisfies:

i Tl =0

We will use this sufficient condition when analysing the optimality conditions in the next

section.
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5 Optimality conditions

The results of section 4 and appendix 1 allow us to rewrite a consumer’s problem as
follows:

max U
(ct 7lt)t20

subject to:
(1+r)axy—ca+wl — x4 =0
(1—=080)z+g(1l—1)—241=0
U (Ct) + (Zt+1) Z/[tJrl — Z/{t =0
¢>0,0<[<1
lim (14+7) "z >0 and tlg—noo T, =0

t—o0
The initial stocks are given: xy > 0 and zy > 0. The last two constraints, which ensure the
uniqueness of the sequence of utility and the solvency of the representative consumer, play
no role in the marginal optimality conditions (these conditions are obtained by maximising
on a finite horizon with fixed endpoints).
We assume in the remainder that the condition stated in proposition 1 holds. To obtain
the marginal optimality conditions we set up the following Lagrangian:
+00

L = Z/[O+ Z {)‘H-l ((]_ + T') Ty — C + U)lt - th+1>

t=0
e (L =6) 20+ g (1= 1) = 2e1) + ve (w () + 7 (2e41) U — Up) }

where A\i11, per1, and v are the Lagrangian multipliers associated to the dynamic

equations. The optimal control variables, ¢ and [}, satisty:

Vi (¢f) = A (14)
<0ifly =0
WAt — perg (1= 1) > 0if I} = (15)
=0if Iy €]0,1]

Maximising with respect to the state variables, x;11, 241 and U1, gives for all £ > 0:
At = (1+7) Aepa (16)

M1 = (1 - 5) Hit+2 + Vt+17' (Zf+1) Ut*+1 (17)
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Vit1Y (Z:+1) = Viy2 (18)

Moreover, maximising with respect to Uy leads to v; = 1.

The condition (18) together with (2) implies v44; = I'f. The marginal optimality
conditions can be expressed with a unique multiplier 6,11 = p;11/V41, which is the
marginal value (in terms of utility) of the stock of personal capital.

Proposition 3. The marginal optimality conditions of the representative consumer’s

problem are:

u(ef)=(104r)y (z;rl) u' (C:+1) (19)

1= (1—-0)y (Z:H) Ory2 4+ (ZZ+1) Ui (20)
<0iflr =0

wu' (¢f) — 019" (1 = 17) >0iflf =1 (21)

—0if I €10, 1
Proof. (14) and (16) imply (19). (17) gives (20) with 0,11 = pey1/ve41. [f satisfies (21),

since w11 — pe1g (1 —105) = vy (wu! (¢f) — O4419" (1 = 1F)). Conversely, the marginal
optimality conditions are obtained from (19), (20) and (21) with vy = 1, (18), A1 =
vt (¢f) and pyyr = Op1vp41-

The first® of these conditions equates the marginal rate of substition between period-t
and period-t 4+ 1 consumption, u’ (¢}) /v <z: +1) u <c§ +1), to the technical rate of substitu-
tion, 1 + r. The second condition states that the implicit value of period-t + 1 personal
capital is equal to the sum of its utility gain, +/ (z;" +1) Uy, 1, and its residual value in terms
of future utility gain, (1 —6)~ (z;‘H) 0;+2. The third condition states that the value of
one additional unit of labour at period t is equal to the difference between the gain it
allows in terms of current felicity, wu’(¢}), and the loss in terms of future utility that
results from the reduction in the stock of personal capital, 6, ;. For an interior solution,

If €]0,1[, this value is nil.

8This condition relates the marginal rate of substitution between consumptions in two successive
periods to the rate of time preference and the rate of interest. See Becker and Barro (1988) who find a
formally similar condition in the case of endogenous fertility.
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For an interior solution, both I; and [, ; belong to |0, 1, and the expressions (20) and

(21) can be combined:

' (c* 1—-6 * 1
e

6 Steady state and dynamics

From this section onwards, we assume that consumers differ with respect to their innate
ability to reduce discount rates, which is represented by the function ~; (.), ¢ € I. Since
the price formation mechanism is not related to consumers’ decisions in the small open
economy setting, we consider the steady state and dynamics of each consumer ¢ indepen-
dently. First, we define a consumer’s steady state. Second, we derive a condition under
which a consumer’s steady state is interior. Third, we examine the dynamics and provide
a sufficient condition for stability in the saddle-point sense.

An optimal interior steady state for consumer i is a vector (¢, I}, 2*, 2%, U") that satisfies:

¢ =ra' +wl (22)

62" =g (1 - li) (23)

() =1 2

wu’ (c’) =(1-16)v (zl) wu/ (Cl) + (zl) g (1 — li) U (25)
i ul(d)

S e 20

The first two conditions result from the dynamic equations of current wealth and of
the stock of personal capital in steady state. The third condition says that in a steady
state the economy is at the modified golden rule; here the rate of interest is given and the
stock of personal capital adjusts to the economic conditions. The fourth condition that

results from (20) and (21) says that, for an interior solution, the cost of accumulating one
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additional unit of personal capital equals the sum of its next period’s residual value and
the utility gain. The fifth condition determines the steady-state utility.

Proposition 4. There exists an interior optimal steady state for consumer i if and
only if:

3 04) < T <9 (1) /6) @

where ; (0+) =lim 7; (2) .

Proof. The steady-state stock of personal capital® of consumer i is determined uniquely
by (24), 2* = ;' (1/ (1 +7)). The steady-state labour supply I’ satisfying (23) belongs
to ]0,1[ if and only if 0 < 2° < g (1) /6, and we then have: I =1 — g~ (6§2*). (25) and

(26) give:

o) (0w (1= 6% ()
s R e P (e 2

This equation determines a unique level of steady-state consumption, since u (c) /u’ (¢) is

an increasing one-to-one function (see assumption 1); we have:

G wr (r+9) 1
-° ( (1+7) Vé(zi)g’(l—li)>

Moreover, the steady state levels of wealth and utility are given by (22) and (26).

Interestingly, if the world rate of interest lies inside the interval [; (0+),7; (g (1) /6)],
then there is a steady state. Only outside this interval'® does consumer i either accumu-
late forever or run down his wealth as far as he can. In standard infinite horizon models,
this interval degenerates and it is usually assumed that the exogenous rate of time pref-

erence equals the world interest rate. Allowing for the endogenous determination of each

9lir% 7i () exists and is non negative since: Vz > 0, v; (z) > 0, 7} (2) > 0.
zZ—

0For the dynamics, we have (see (19)):

u/ (c,@)

= (Zz+1) (1+r)

' (ci41)
If 5 (0+) > =5, % >~ (0+) (1 +7) > 1 and lim ¢! = 4o0.
If ~(g(1)/6) < 1+T7 lim sup (Ei)l) < 1 (since limsup 2z}, < %) and lim ¢! = 0.
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consumer’s time preference requires milder assumptions, namely, one only has to assume
that (27) holds. This leaves room to analyse the effect of a shock on the world interest rate
in a small open economy; in particular, one doesn’t need to assume that the economy’s
rate of time preference varies with a change in the world interest rate.

In the case of an interior steady state, we analyse the six-dimensional equilibrium
dynamics in appendix 2. We find that a sufficient condition for the steady state to be
stable in the saddle-point sense is that u”(c) is sufficiently close to zero. This condition

is illustrated by a CES felicity function of the form u (¢) = ¢*, a € ]0,1].

7 Heterogeneity and time preference

From now on we further assume that the condition (27) in proposition 4 holds for all
consumers. An important feature of this model is that there is no heterogeneity of time
preference in the long run, while individuals remain heterogenous with respect to wealth,
consumption, labour supply and utility levels.

Proposition 5. Assume that, for all i € I, we have: v (0+) < 5 < 7 (g(1) /6).
All consumers have the same rate of time preference in the long run, regardless of their

innate ability to reduce their discount rates. This rate of time preference equals the rate

of interest.

Proof. Vi€ I, % (04) < 15 <% (9(1) /8), we have Vi € I, v () = 1.

Regardless of their ability to reduce discount rates, consumers adjust their own dis-
count rate to economic conditions and ultimately end up with a common rate of time
preference. Abilities, however, determine the steady-state levels of consumption, labour
supply, wealth and utility. Are individuals who are more able to reduce their discount
rate wealthier in the long run? How do heterogenous abilities to withstand the desire for
immediate consumption impinge upon the long-run distributions of consumption, labour

supply, wealth and utility?
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Let us consider two individuals ¢and j and assume that +; (0) > v;(0) and Vz >
0,7 (2) > 7;(2). This implies that for all z > 0, we have 7; (z) > 7v;(2). In the
remainder of this section, we shall refer to the individual i as the innately more patient
individual. In a steady state, the endogeneous rate of time preference of each individual

is equal to the rate of interest and we have:

5 () = =) 2 ) = o

As also illustrated by figure 1, the innately more patient individual () needs to accumulate

a lower stock of personal capital than the innately less patient individual (j).

Insert figure 1 here

We then have:
o (zz) > ; (z’) > ; (zj) (since 7§ < 0)
g<1—lj> :62j>g<1—li> =6z and1 -V >1-1

Owing to the concavity of g, we have:
7(-9) =4 (1-1)

Thus, we obtain the following inequality:

Y-V () <o (-1) ()

which together with (29) implies ¢ > ¢’. In the long run the innately more patient
individual has a lower level of consumption. From (22) and (26), we see that the innately
more patient individual also has a lower level of wealth and utility in the long run.

Proposition 6. Assume that individual i is innately more patient, i.e. is endowed

with a higher ability to reduce discount rates, than individual 7 in the following sense:

%(0) > 7 (0) and Vz > 0, 7/ (2) > 7} (2). (30)
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In the long run, the innately less patient individual consumes more, has a higher level of

wealth and attains a higher level of utility.

An individual who is endowed with a higher ability to become patient needs to accu-
mulate a lower level of personal capital to reach his long-run rate of time preference than
one endowed with a lower ability. There are complementarities between personal capi-
tal and future consumption: a higher level of future-oriented personal capital reinforces
the utility derived from deferred consumption and triggers higher saving. Intuitively,
consumers who need make a lot of efforts to reduce their discount rate become used to
future-oriented behaviours. As a result they save more and end up with higher levels of

wealth and utility.

8 Conclusion

In the long run, all consumers have the same (endogenous) rate of time preference even
though the distributions of wealth, labour supply, consumption and utility are not triv-
ial. Interestingly, efforts to become patient are rewarded in the long run, as individuals
endowed with a lower innate ability to become patient end up with a higher utility level.

Our findings point to other research directions. First, we have considered the case of
a small open economy. Endogenising prices by adding a standard neoclassical production
sector to our model would not alter the substance of our results, as the long-run equilib-
rium would be characterised by some modified Golden Rule condition (f (k)v; (2*) = 1
where f is the production function); however, the precise conditions for existence and
the dynamic properties of such an equilibrium still have to be derived, and are a bit
more involved. Second, the infinitely-lived representative agent is often thought of as a
dynasty of altruistic individuals linked to each other through a chain of positive bequests.
Endogenous intergenerational altruism would, in that respect, be the equivalent of en-

dogenous time preference. The additional constraint according to which bequests must
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be non-negative (see Abel 1987, Weil 1987 and Thibault 2000) would modify our long-run
results, since some dynasties may be constrained with respect to bequests and therefore
prevented from accumulating the same level of concern for their offspring (altruism). Such
a model would clearly allows us to understand better the effects of fiscal policy on savings

and the distribution of wealth.
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Appendix 1

By definition of the consumer’s discounted wealth, we have:

Xo = 20 + % (31)
X=X, — (147" e+ 1 -1)w) (32)
(31) and (32) imply:
w 1
Xp=a04+ —— 3 ——— (e + (1 -1,
t = Zo , 52:% (1 +T)s+1 (cs+( ) w)

Using ¢s + (1 — ;) w = (1 4+ r) zs + w — xs41 we obtain:

w 1
X, = x9+—— —— (1 + 1)z +w — x4
= mt e L e () )

Hence:

w
X; 206 — > —x
r

The condition . li+m X; > 0is equivalent to tli+m (1+7)" 2, >0, since tli+m (1+7r)" v =

0.
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Appendix 2

The shadow prices evolve according to:

A1 = (1 + 7") At42

Aip1 = Vt+1u/ (Ct)

WA 1 = ,Ut+19/ (1 - lt)
i1 = (1= 0) pusa + i1y (2e41) Upsa
Vira = 7 (2641) Vi

The state variables evolve according to:
Tiy1 = (1 + T) Ty — C —l—wlt

zZpr =1 =8 z+g(1—1)
Us = u(cr) + 7 (ze41) Upa

Let us define:
U, Hi+1

/-1 __
= )\ Viyq, Ty = and q = h
t+1

y
! At

to obtain the following dynamical system of dimension five.

xtH:(1+7’)xt—ct+w<1—h<£>)

Tt
u(cy) 1
Vi Vi
P (e) + 14+r
Zt+1:(1—6)2t+goh<£)
Tt

u(c) = (L471) 7 (ze1) 0 (ce41)

]- - 6 ]' ’7/ (zt+1)v

My = —— 41 +
Pt T+7 v (241) b1
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Together with 14,1 = 7 (2) 14, which is stable, this dynamical system is equivalent to the
previous one. Xy, z, and v; = 1 are the initial conditions. The stability of this system (in
the saddle-point sense) therefore requires 3 unstable and 2 stable roots.

Consider a n-dimensional first-order dynamical system:

B}/;H-l "‘AK == C

Differentiation yields:

BdY,1 + AdY, = 0

Looking for linear solutions (dY;;1 = £dY;) gives:

(B¢ + A)dY, =0

The eigenvalues of this system are the solutions £ to det (B¢ + A) = 0. The (B¢ + A)

matrix of our dynamical system is:

l4+r—¢ 0 0 ~1 w gy
0 &—(1+7) 0 (147r)L=w g
0 0 1-6—¢ 0 i
0 0 (Ltrj'' ¢ -1 0
¢ / [3% 1" __ 12 1-6
0 Ty T 0 e

The characteristic polynomial of this matrix is:

PE)=00+r-§xQ(¢)

Q) = (e~ ) [a-s-9 -1 ({roe-1)+ G- n T

N
147~y u'? 3 u”

£ o l(l ) u? —uu”w? (1 —H")u”y’g]
There is an unstable eigenvalue £ = 1+ > 1. Note that the limit of @ (§) when ¢ tends

to Foo is —oo. We have:

QO)=—(1+7r)(1-6)<0
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u? —uu”" w? (1+7r)uy

Q) 11’[(1+r) ey, ]>o

- 1477y u! 3 u”

There thus exists a stable eigenvalue &, € ]0, 1] and an unstable one & > 1.

Q(-1) =

1-6§ w2 1% 77//_7/2
— (2 2(2—=6) ——+1 2—h
( +T>[( ><1—|—r+ >+ ™o 1+r A2

u/2 _ uu”w_Qh,(l + T) u/,y/]
2

7'('3 u

/

L v
— (1
—|—1+T7[( + )

u

u
7

< we rewrite Q) (—1) as follows:

: vV _ 1
USlngm—;

m U/ "
Q(—l):—C—DJ—EJ<1— >
where

1+7r

!/

C=2(02+r) (1—_6+1> >0

'}/'}/” _ ,)/2 w2 h

D=2(2+r) 5 5— > 0since v <0and ' <0
Y T
w2h/,7/2
E=—(1+rnZ 0
(e

A sufficient condition for stability in the saddle-point sense is Q) (—1) > 0, since there then
exists two additional eigenvalues such that 0 < & < —1 < &5. This condition is verified if
u” is sufficiently close to zero. We now look at this condition in the case of a CES felicity

function: u (c) = ¢, a € |0, 1[. Steady-state consumption is given by: ¢ = a.F', where:

~wr(r+96) 1 =0
(1+7)? 7 (2)g (1-1)
The expression of @ (—1) gives:
E.F
Q(-1)=—-C—-D.F+ T

C, D, E, and F are independent from a. We therefore have:

lim @ (—1) = 400

a—1

This ensures that the steady state is saddle-point stable if a is sufficiently close to 1.
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Figure 1: Steady state levels of personal capital
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